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u(t) = F (u(t)), u(0) = u0, (1)
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� �	 ‖ · ‖ �� 
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�	����� � � �����
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	� v0 = vM �
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‖v + τ0F (v)‖ ≤ ‖v‖ ��� 
�� v ∈ V, (2)
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un = un−1 + ΔtF (un−1)

��� n ≥ 1 9�� ���� ���� Δt > 0� 9� ���
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||un|| ≤ ||u0|| ��� n ≥ 1, (3)
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Example 0.1.1. Consider the scalar, complex test equation u′(t) = λu(t) with
λ ∈ V = C. This equation is known in numerical mathematics as the Dahlquist
test equation, and the behaviour of numerical methods applied to this equation
is often studied. Let || · || = | · | modulus. Then the basic assumption (2) is valid
if and only if

|1 + τ0λ| ≤ 1. (5)

Note that the set of λ satisfying (5) is a disc with a centre in −1/τ0 and radius
1/τ0. On the other hand, since u(t) = eλtu(0), (4) holds if and only if

Reλ ≤ 0, (6)

that is the left half-plane including the imaginary axis. Only for the boundary
case where Reλ = 0 and λ �= 0 we do have (4) but not (2). If Reλ < 0 then the
basic assumption (2) holds for some τ0 > 0. Therefore it is seen that the basic
assumption is not only sufficient but also necessary if Reλ < 0. �
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Example 0.1.2. The implicit Euler method

un = un−1 + ΔtF (un)

is monotone under assumption (2) with any given sublinear functional or semi-
norm || · ||, without any time step restriction (γ = ∞). This is easily seen
from (

1 +
Δt

τ0

)
un = un−1 +

Δt

τ0

(
un + τ0F (un)

)
,

(
1 +

Δt

τ0

)
||un|| ≤ ||un−1|| + Δt

τ0
||un||,

showing ||un|| ≤ ||un−1|| for any Δt > 0.
The implicit trapezoidal rule

un = un−1 + 1
2
ΔtF (un−1) + 1

2
ΔtF (un)
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has stepsize coefficient γ = 2. This follows from the fact that the method
consists of a forward Euler half-step followed by a backward Euler half-step
(with 1

2Δt).
The explicit trapezoidal rule (modified Euler)

ūn = un−1 + ΔtF (un−1), un = un−1 + 1
2
ΔtF (un−1) + 1

2
ΔtF (ūn)

has stepsize coefficients γ = 1. This becomes more apparent by writing the
second stage as

un = 1
2
un−1 + 1

2

(
ūn + ΔtF (ūn)

)
.

Later we will see that γ = 2 for the implicit trapezoidal rule and γ = 1 for
the explicit trapezoidal rule are optimal. �
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0.2 Scalar conservation laws in one spatial di-

mension
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0.2.1 Hyperbolic conservation laws.

2 *7/ �� � � ����

ut + (f(u))x = 0, (7)
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d

dt

∫ x2

x1

u(x, t)dx = f(u(x1, t)) − f(u(x2, t)). (8)
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ut + (1
2
u2)x = 0. (9)
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Figure 1: Formation of a shock.
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[u(x, t2) − u(x, t1)]dx+
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[f(u(x2, t)) − f(u(x1, t))]dt = 0, (10)
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s =
f(uR) − f(uL)

uR − uL
,
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ut + (f(u))x = εuxx (11)
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f ′(uL) > s > f ′(uR). (12)
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0.2.2 Spatial discretization
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ut + f(u)x = 0 (t > 0 , 0 < x < 1), (13a)
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u(x, 0) = u0(x), u(0, t) = u(1, t). (13b)
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+� 9���� ���� �� �	� 
 	�����

� 
����C��
���	 u �	 9 �
 � � ��
��
� �����
;
���� f(u)x  
� ���	 ���
������� �	 
 ���� {xi} �	 � � �	����
� (0, 1)� 8 � ������
�� � �	 
 �6���� �� >7/�� 

���� � � �	��������	
	 ���
	��

u′(t) = F (u(t)). (14)

,��� u(t) �� 
 ��
��� �	 RM 9�� 
����	�	�� ui(t) 
����C��
��	� � � *7/
�������	 
� � � ���� ���	��� ui(t) ≈ u(xi, t), �� 
����C��
��	� � � 
���
��� ����
� � 
����� ui(t) ≈

∫ xi+
1
2Δx

xi− 1
2Δx

u(x, t)dx.
.�� uΔx �� � � 
�������
�� ������
���	 �� � � *7/ �������	 �� � � ����� ��� ��


� ���	� �
���� <�	��� ��H���	
��= �� 
� 
��� 
���
��� <�	��� �������=� 8 �	 

��
��
� ���
�����
���	 �� �
�� �� �� �� ���	� q� �	 
 ����
��� 	��� || · || �	 RM � ��

||u′Δx(t) − F (uΔx(t))|| = O(Δxq). (15)

,	��������� �
-	�� �	�����	���	��* ������� � 
� � � J�C ��	
���	 f ��
��H���	��
��� 
	� f ′(w) ≥ 0 ��� 
�� w ∈ R. ���	� ����;����� ��9�	� ��
��
�
���
�����
���	

1
Δx

(
f(u(x− Δx)) − f(u(x))

)
= −f(u(x))x +O(Δx), (16)

�	 
 �	����� ��� 9�� ��� 9��� Δx = 1/M ��
�� �� � � ����;���
���� �6����

u′i(t) =
1

Δx

(
f(ui−1(t)) − f(ui(t))

)
, i = 1, . . . ,M, (17)

9 ��� ui(t) 
����C��
��� u(xi, t) 
� � � ���� ���	� xi = iΔx. 7�� �� ��
��
�
�������
��6 9�  
�� u0(t) = uM (t).

8 �� ����;���
���� �6���� ��� �	 � � ��	��
� >7/ ���� <$= 9�� V = RM 
	�
� � 
����	�	�� �� F (v) ����	 �6 Fi(v) = Δx−1(f(vi−1)− f(vi)), i = 1, . . . ,M,
9 ��� v0 = vM .

4� f ′(w) ≤ 0 � �	 � � ����;���
���� �6���� <$A= � ���� �� ����

�� �6

u′i(t) =
1

Δx

(
f(ui(t)) − f(ui+1(t))

)
, i = 1, . . . ,M, (18)

9 ��� uM+1(t) = u1(t).
8 � ����;����� ��9�	� �
 ��� �� ���6 ��H����� 
	� ����	 	�� 


��
�� �	��� 

�	 
����

���	�� ��	
� � � ����
� ��

�;���� ���
�����
���	 ����� �� 
 ��� �� � �
��
��
� ����� 
	� � � ������
� ������ �� ���
�	 
 ����6 ���
���� 	�����

� ����;
���	 �� ����� �9�� ��� �C
����� 9� 	��� ��� ��
��
� 
	� ���� ���
�����
���	� 
�
��
�� �� ����� �9�� 8 �������� �� � �9 � � �����
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��
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���
�����
���	�� >	 � � �� ��  
	�� 
����	  �� ��;����� ��
��
� ���
�����
���	�
�����
� ��
���
���6 �������	� 9�� � � ����������6 �� 	��
���� �
���� � 
� �
6
�� 	�	;� 6��

�G ��� �C
����� ��� ��	������ �� 
�	
�	��
���	�� �	�����
��� 	��
;
���� 
����C��
���	� 
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� �� 

	 ������6 � � 
�	����
���	 �������6� ��
��	� �� �	
����
� � �
� �������
��

��� 9� 
�� 
���	� �
��� -�������� 9� �� 	�� �����	
�� �	���; 
	� ����;
� �����

4	 � � �����9�	� 9� 9��� � �9 ��� � �  6�������
 ������� <$'=  �9 �� 

 ����

 ��
��
� ���
�����
���	 � 
�  
� ������ 


��

6 � 
	 � � ����;����� ��9�	�
�
 ��� 
	� 
� � � �
�� ���� �������� �������	� 9�� ��� �	���; 
	� ����� �����
0�� � �� 9� 9��� ��� 
 ��
 	�E�� 

���� ����
����

.	�����	���	�� �! /�0 �	�	�	�'* ��	����� 
�
�	 
  6�������
 
�	����
;
���	 �
9 <$'= 9�� f ��H���	��
��� 
	� f ′(w) ≥ 0 ��� 
�� w ∈ R. <8 �� �
��

��������	 �� �	�6 ��� 
�	��	��	
� �� � � �����	�
���	�= 8 � ��
��
� ���
�����
;
���	 �� �
��	 �	 
 �	����� ����� 9�� ���� ���	�� xi = iΔx� 
�

u′i(t) =
1

Δx

(
f(ui− 1

2
) − f(ui+ 1

2
)
)
, (19)

9 ��� � � �
���� ui± 1
2
(t) 
����C��
�� u(xi± 1

2
, t) 
� � � 
��� ���	�
���� xi± 1

2
�

8 ��� 
����C��
�� �
����� �C������� �	 ����� �� 	��� �����	� �
���� uj(t)�
�������	� � � 

��
� ���
�����
���	� 2 ��
��
� ���
�����
���	 �	 � �� ���� <$(= ��
�
�� �� �� �	 flux form �� conservation form�

2� 
	 �C
����� � � ��;

���� � ���;����� ��9�	�;��
��� �
 ��� �� ���
�	��
�6 �
��	�

ui+ 1
2

= 1
6

(− ui−1 + 5ui + 2ui+1

)
= ui +

(1
3

+ 1
6
θi

)(
ui+1 − ui

)
,

9 ��� θi �� � � �
���

θi =
ui − ui−1

ui+1 − ui
, (20)

��� ���� ,�	�������� : 1��9�� <!##'=� 8 � �������	� �
 ��� 

	 �� � �9	
�� �� �� ����� � ��� 9 �	 �	��������� 
� 
 �	��� ������ �
 ���� 8 �� ��
��
�
���
�����
���	 ����  �9���� �	�����
� ���� 	�����

� ��
���
���	��

��
��
� ���
�����
���	� �	 � � J�C ���� <$(= � 
� 9��� ���� ������ 


��

6
� 
	 ����;����� ��9�	�� ��� �� 	�� ���� ���� �� 	�����

� ��
���
���	�� 

	 ��


 ����� �6 �����6�	� � � J�C�� ��  �� ��;����� ���
�����
���	� �6 � � ��;

����
������	� ��
 	�E��� +� 
�	����� � � ������


ui+ 1
2

= ui + ψ(θi)(ui+1 − ui), (21)

9 ��� ψ �� 

���� � � ����
	� �
��
���� +� 9��� 
 ���� � �� ������� ��	
���	 ��
 
� 
� ψ(0) = 0�

0 ≤ ψ(θ) ≤ 1 
	� 0 ≤ ψ(θ)/θ ≤ 1 ��� 
�� θ ∈ R, (22)

9 ��� 0/0 �� �
��	 
� 0�
8 �� �������6 <!!=  ���� 9�� � � ������� ��	
���	

ψ(θ) = max
(
0,min(1, 1

3
+ 1

6
θ, θ)

)
(23)
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9 �
 
��	
���� 9�� � � �����	
� � ���;����� ��9�	�;��
��� ��	
���	 ψ(θ) =
1
3 + 1

6θ ��� 2
5 ≤ θ ≤ 4� 8 �� ������� ��	
���	 9
� �	�����
�� �6 ����	 <$(('=�

2	�� �� �C
���� �� 
 ������� ��	
���	 �
����6�	� � � 
�	�����	� ��

ψ(θ) = 1
2
· θ+|θ|
1+|θ| (24)

�	�����
�� �6 �
	 .��� <$(A@=�

0�� 
 ����� �������	 ������ 9�  
�� θi ≈ 1� �C
��� 	�
� �C����
� 4� 9�
�
�� � � ����	 ������� <!'=� 9 �
 �����

ψ(θ) = 1
3

+ 1
6
θ ��� θ ≈ 1,

� �	 � � 


��

6 �� � � � ���;����� �
 ��� 9��� �� �
�	�
�	�� �	 ����� �����	�

9
6 ���� �C����
� +�� � � �
	 .��� ������� <!@=� ��	�
���
���	 �� � � �������
��	
���	 	�
� θ = 1� ���� ����

���	� �� ψ(θ) �6 ψ(1) + ψ′(1)(θ − 1) = 1

4 + 1
4θ�

����� � � ��;

���� 0���� �
 ���� 9 �
 �� �� ����� �9�� 
�
�	 �	 ����� �����	�

9
6 ���� �C����
�

Remark 0.2.1. The development of a discontinuity from a smooth initial func-
tion is a typical property of nonlinear hyperbolic equations. For example, the
formation of a shock in fluid flows is described by such equations. For the hy-
perbolic problem (7), correct discretizations are important to have a correct
propagation of the discontinuities. With a semi-discrete scheme (19) in conser-
vation form we can expect that a steep travelling front or shock is computed
in the correct location. Lax and Wendroff (1960) proved that if the numeri-
cal approximations converge to some function, then this function will in fact
be a weak solution of the conservation law, and it will therefore satisfy the
Rankine-Hugoniot relation for the shock speed. In LeVeque (1992, Fig.12.1)
the importance of the conservation form for the discretization is illustrated for
the inviscid Burgers equation (9). �

���
���	�� �� �"� ���	��	������ �!����* ��	����� 
 ��
��
� ���
�����
;
���	 �	 � � J�C ���� <$(= 9�� <!$= 
	� ������� ��	
���	 <!'=� <!@=� �� ψ = 0
<����;����� ��9�	�=� 2� ������� �� �� 
������ � 
� � � J�C ��	
���	 f �� ��H��;
�	��
���� 
	� 9� 
��� 
����� � 
� � ��� �� 
	 α > 0 ��
 � 
�

0 ≤ f ′(w) ≤ α ��� 
�� w ∈ R. (25)

4� 9��� �� � �9	 � 
� � � �������	� ����;���
���� �6���� �� >7/� <$@= �
������
� � �
��
 
��������	 <!= �	 � � �
C���� 	��� 
	� 81 ����	����

The basic assumption (2). 8
��	� Fi(u) = Δx−1(f(ui− 1
2
) − f(ui+ 1

2
))� �� ��

���	 ���� � � ��
	 �
��� � ����� � 
�

Fi(u) =
f ′(vi)

Δx
(ui− 1

2
− ui+ 1

2
),
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9�� vi ���� �	�������
�� ���	� ���9��	 ui− 1
2

	� ui+ 1

2
� +� 
���  
��

ui− 1
2
− ui+ 1

2
=
(
1 − ψ(θi−1) + 1

θi
ψ(θi)

)
(ui−1 − ui), (26)

9�� 0 ≤ (1 − ψ(θi−1) + ψ(θi)/θi) ≤ 2�
��	��E��	��6� ���	� 
 ��
��
� ���
�����
���	 �	 � � J�C ���� <$(= �
��� �	

<!$= 9�� ����	 ������� �� � � �
	 .��� �������� �	 
 �	����� ��� 9�� 9��� 
Δx = 1/M � ��
�� �� 
	 �	���
� �
��� ������� u′ = F (u), u(0) = u0� 9�� 
V = RM � ��� 9 �
 � � 
����	�	�� �� F (u) 

	 �� 9�����	 
�

Fi(u) = βi(u)(ui−1 − ui), 0 ≤ βi(u) ≤ 2α
Δx

(27)

��� i = 1, . . . ,M, 9 ��� u0 = uM . 0��� � �� ������
���	 �� �
���6 �����9� � 
�

� � �
��
 
��������	 <!= 9��� �� �
������ �	 � � �
C���� 	��� 9�� τ0 = Δx
2α
.

+�� � � �
�� τ0 �� 

	 
��� �� � �9	 E���� �
���6 � 
� 
�	�����	 <!= 9��� ��
�
������ 9�� � � 81 ����	����

���� � 
� �	 � �� �C
����� � � ��� �� ����;����� ��9�	� ��
��
� ���
�����
���	
����� Fi(u) = βi(u)(ui−1 − ui)� 9�� 0 ≤ βi(u) ≤ α

Δx �	���
� �� <!A=� 8 �	

�	�����	 <!= 9��� �� �
������ �	 � � �
C���� 	��� 
	� � � 81 ����	���

9�� τ0 = Δx
α
. ?�� � �	 9� �	�6  
�� ����;����� 


��

6�

The Lipschitz condition. 0�� � � ���
�����
���	� 9�� 
 �������� � � �
���� 
�
� � 
��� ���	�
���� 

	 �� 9�����	 
�

ui+ 1
2

= h(ui−1, ui, ui+1),

9 ��� � � ��	
���	 h : R3 → R �� ����	 �6 ������
 <!$=� .�� �� �
�� 
� 
	
�C
���� � � ����	 ������� <!'=G ��� � � �
	 .��� ������� <!@= � � �����9�	�

�����	�� 9��� �� �����
�� 7�� �� � � �
���� θi �	 � � �������� �� �� 	�� �������
� 
� � � ��	
���	 h 9��� �
����6 
 .���
 ��� 
�	�����	� ��� �	 �

� �� ����� 8 ��
������ ����� 	�� 
�
��
��� �	 � � ��
	�
�� �����
����� 
	� � ������� �� 9��� ��
�	��

���  ���  �9 �� ����� ���

0�� � ��� ���� 	��� � 
�

h(ui−1, ui, ui+1) = ui + ψ(di−1/di) · di, di = ui+1 − ui ��� 
�� i.

8 � ��	
���	 g(ξ, η) = ψ(η/ξ) ξ� ���� R2 �� R� �� 
�	��	���� �	 R2� 
	� �� ��
��H���	��
��� �	 � � 
�����	�� ξ, η� �C
��� ��� � � ���
�
� 

��� ξ = 0� η = 0�
η = 2

5ξ 
	� η = 4ξ� 29
6 ���� � ��� ���� ��	�� �	 R2� � � �
���
� �����
�����

�� �	������6 ���	����∣∣∣ ∂

∂ξ
g(ξ, η)

∣∣∣ = |ψ(θ) − ψ′(θ)θ| ≤ 1 + 2
3
,

∣∣∣ ∂
∂η
g(ξ, η)

∣∣∣ = |ψ′(θ)| ≤ 1,

9�� θ = η/ξ� 4� �����9� � 
� g �
������ 
 .���
 ��� 
�	�����	 �	 R2�
���	� � ��� �� 	�9 ���	 � 
� � � ��	
���	 h �
������ 
 .���
 ��� 
�	�����	

�	 R3� ���� 9 �
 �� �� 
��� 
��
� � 
� � � ��	
���	 F 9��� �
����6 
 .���
 ���

�	�����	 �	 R

M ��� �C�� M �
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0.3 Monotonicity properties

8 ��� 
�� �
	6 ���
��� ��	���	�
��6 ����������� 4	 � �� ��
���	 9� 9��� 
�	�����
�9� �C
����� �� ��
 ���������� �6 
�	������	� ��H���	� ����	���� �� �����	�
�
��	
���	
���

Example 0.3.1. A notable monotonicity property is the so-called total varia-
tion diminishing (TVD) property:

||un||TV ≤ ||un−1||TV for n ≥ 1, (28)

which means that the total variation of the numerical solution does not in-
crease. This property frequently appears in the literature on computational
fluid dynamics.

Instead of the TVD property, we can consider the more general total varia-
tion boundedness ( TVB) property, for which it is required that a finite μ exists
such that, for all n ≥ 1 and any u0,

‖un‖TV ≤ μ · ‖u0‖TV . (29)

With nonlinear conservation laws (7) this property is often crucial to obtain
convergence towards the physically relevant solution. It was shown in Harten,
Hyman & Lax (1976) that if the numerical scheme satisfies the TVB property
and the physically relevant solution is identified by the entropy condition (12),
then convergence towards the correct solution is guaranteed. �

Example 0.3.2. Another related monotonicity property is preservation of non-
negativity:

un ≥ 0 whenever u0 ≥ 0,

where inequalities for vectors in RM should be interpreted component-wise.
This property is often called positivity, which is short but not entirely correct.
It is often necessary to ensure a correct physical meaning of approximations.
For example, for problems whose solutions are concentrations. Such problems
arise frequently when modelling chemical reactions or semidiscretizing PDEs of
advection-diffusion type. Solving such problems numerically with nonnegative
initial vectors, it is natural to demand nonnegativity of the resulting numerical
approximations. For linear systems of ODEs nonnegativity was investigated by
Bolley & Crouzeix (1978). Later nonnegativity preservation theory for nonlinear
problems was developed by Horvath (1998, 2005).

To illustrate that preservation of nonnegativity can also be cast in our gen-
eral framework with sublinear functionals, we consider

||v||0 = −min{0, v1, . . . , vM} for v = (v1, v2, . . . , vM )T ∈ RM . (30)

It was shown above that flux limiting gives a semi-discrete system for which the
basic assumption (2) is satisfied in the maximum norm and TV seminorm. Using
similar arguments, it follows that the basic assumption (2) is satisfied with this
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functional ||·||0 and τ0 = Δx
2α

for any ODE system (27). Here we have ||v||0 = 0 if
and only if v ≥ 0, that is all components of v are nonnegative. Consequently, the
monotonicity property (3) then implies nonnegativity for these ODE systems.

Therefore from monotonicity for arbitrary sublinear functionals one can con-
clude nonnegativity. The example also illustrates that apart from (semi-)norms
it is useful to consider sublinear functionals, because this leads to such an im-
portant property as preservation of nonnegativity. �

8 ��� 
�� �� �� ���
��� ��	���	�
��6 ����������� ��� �C
���� � � �����
�
��������	

min
j
u0,j ≤ un,i ≤ max

j
u0,j ��� 
�� n ≥ 0 
	� 1 ≤ i ≤M,

9 ��� � � un,i, u0,j 
�� � � 
����	�	�� �� � � ��
���� un, u0 ∈ RM � 8 �� 
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0.4 Numerical Illustrations

8� ����	���
�� E������	� 9 �
 

	 �� ������ ���	� ��	���	�
��6 
	� ���	�;
��	��� � ���6� 9� 
�	����� �9� 	�����

� �������
���	��

+-�����
 1��������"����" 21��3 �	�� �	�����	���	��* ��	����� � �

���
���	 �E�
���	

ut + ux = 0 ��� t > 0 � 0 < x < 1 � (31)

9�� �������
 ���	�
�6 
�	�����	 u(0, t) = u(1, t) 
	� 
	 �	���
� ���
� ������&⎧⎨⎩ u(x, 0) = 1 �� 0.4 ≤ x ≤ 0.6;

u(x, 0) = 0 �� ��9���.
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� � � ���
� ��	
���	 �� ���
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�������
 �������	 �� 	�� 
 ��;
�����	 �� � � ��H���	��
� �E�
���	 �	 � � 
�
���

� ��	��� 4� �� 
 �������	 �� � �
�	����6�	� �	����
� 
�	����
���	 �
9�

8 � ��
��
� ���
�����
���	 �� �
��	 �	 
 �	����� ���� 9�� ��� 9��� Δx =
1/M � 9 ��� M �� � � ���
� �� ���� ���	��� ���	� ����	 ������� �
 ��� <���
��
���	 #�!�! 
���� ��� � � ����;���
���� ����=� 8 �� ����� �� 
 ����;���
����
�6���� �� >7/� ��� 9 �
 � � ��	���	�
��6 
��������	 <!= �� �
������ ��� τ0 =
0.5Δx �	 � � �
C���� 	��� 
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Figure 2: The red line is AB2 solutions at t = 1 for the linear advection equation
with Δt = 0.25Δx. The blue dashed line is an exact PDE solution.
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Figure 3: The red line is AB2 solutions at t = 1 for the linear advection equation
with Δt = 0.5Δx. The blue dashed line is an exact PDE solution.

8� ���
������ � � �������	� 	�	��	�
� ����;���
���� �6���� �� >7/� �	 ����
9� �
�� � � 9���;�	�9	 �9�;���� 2�
��;?
� ���� ��� ��

un = un−1 +
3
2

Δt F (un−1) − 1
2

Δt F (un−2). (32)

8 �� ��� ��  
� ����� !� 
� ���	�� �	 ��
���	 #�$� 8 � ���� 
����C��
���	 u1

�� 
������� �6 � � ���9
�� /���� ��� ��& u1 = u0 + ΔtF (u0).
������

� �������	� 
�� � �9	 �	 � � 0������ ! 
	� '� 9�� ��
��
� 
����;

	�	� x  �����	�
��6 ��� � � ������ ���� t = T 9�� T = 1� 7
� �� ��	�� �	��

��
� � �C

� *7/ �������	� 8 � �� 
����� �� � � �
 ��� �� ���	 �� �� ���6 ��H���	�
���� 0����� ! �� 0����� '� + ���
� ��� Δt/Δx = 0.25 9� ��� 
 	�
� ��	���	�

�� 
������ � � �
 ��� 9�� Δt/Δx = 0.5 �����
�� �
��� ��
���
���	��

.�� �� ���� 
�	����� � � ������� 9�� Δt/Δx = 0.25� 8 � �
 ��� �����
������� 
���� �� � � �C

� �������	� ��� 0����� !� 4	 � �� 

�� � � �
���� ||uN ||TV


�� 
�	��
	� �E�
� �� 2 ��� 
�� �������� M � 
	� � � ���
���� L1 ������ ||uN −
u(T )||1 <||v||1 =

∑
i |vi|� N = T/Δt 
	� u(T ) �� � � �C

� �������	= �� ��

���� ��� �	
��
��	� M � ��� 0����� @� >	 � � �� ��  
	�� ��� Δt/Δx = 0.5� �	
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Figure 4: Values of ‖uN‖TV (left picture) and ‖uN −u(T )‖1 (right picture) for M =
200, 400, 800, 1600, 3200 and the AB2 method with Δt = 0.5Δx (blue line, ∗ markers),
Δt = 0.25Δx (red line, ◦ markers).
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	� Δx 
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���
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��� ���� 
	� ���� ���	��	
��� 8 � ��������	 �� � � ���
�
�
��
���	 ����	��� 
	� L1 	��� �� � �9	 �	 0����� @ ����
��	� 
 �
���� ���9� 
��� �	
��
��	�� �
��� �
���� �� � � ����	���	 M �� Δt/Δx = 0.5�

0�� � �� 9���;�	�9	 ��
�	� ����� 2�
��;?
� ���� ��� �� � � ��H���	� ��;
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	 �� �C��
�	�� �6 � � ��	���	�
��6 
	� ���	�;
��	��� � ���6 �����	��� �	 � �� � ���� �	 � 
����� 4 
	� 444� 0��� ������� �	
� 
���� 444 9� 9��� 
	�9�� � � E������	& 9 
� �� � � �
����� Δt ��� � � 2?!
��� �� ��
 � 
� � � �� 
����� �� ��	���	�
 9�� � � ���9
�� /���� ��
���	�
���
����� u1 = u0 + ΔtF (u0)K

+-�����
 ���4-��� �	5�����	��	�� �������� 2�.,�3* 2� 
 	�C� �����;
��
���	� 9� 
�	����� � � ?�
���6;.������� �E�
���	

ut + f(u)x = 0, f(u) =
cu2

cu2 + (1 − u)2
. (33)

8 �� �E�
���	 �������� 
 ������ ����� ��� �9� �����
���� J���� �	 
 ������
������ 
	�  
� 
����

���	� �	 ���;��������� �����
���	� 8 � �	�	�9	 u  ���
�������	�� � � �
���
���	 �� 9
��� �	 
	 ��� ��������� 
	� ���� ���9��	 # 
	� $�
8 � 
�	��
	� c > 0 ����� � � �������6 �
��� �� � � �9� J��� 
����	�	���

+� 
�	����� � �� ������� 9�� c = 3� 0 < t ≤ 1
4

	� 0 ≤ x ≤ 1 9�� �	J�9


�	�����	 u(0, t) = 1
2

	� 
	 �	���
� ���
�;��	
���	&⎧⎪⎪⎪⎨⎪⎪⎪⎩

u(x, 0) = 1
2 �� x = 0;

u(x, 0) = 0 �� 0 < x ≤ 1
2 ;

u(x, 0) = 1 �� 1
2 < x ≤ 1.

8 � J�C ��	
���	 f �� ��	���	�

��6 �	
��
��	� ��� 0 ≤ u ≤ 1� 8 � �������	 ��
� �9	 �	 0����� % 9�� � � ���� �
� �� ��	��

+� ��� 
 �C�� ���� 9�� ��� 9��� Δx = 5 ·10−3� 0�� ��
��
� ���
�����
���	
9� ��� � � ������� 
�	����
���� �
 ��� <$(= �
��� �	 <!$= 9�� �
	 .��� �������
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Figure 5: The initial profile (green solid line) and a time-accurate semi-discrete
solution (blue dashed line) at t = 1/4 for the Buckley-Leverett equation.
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un =
4
3
un−1 − 1

3
un−2 +

2
3

ΔtF (un) (34)


	� ��� �C���
�� 
��	����
��� � � �C��
���
��� ?70! ��� ��

un =
4
3
un−1 − 1

3
un−2 +

4
3

ΔtF (un−1) − 2
3

ΔtF (un−2). (35)

8 � ���� 
����C��
���	 u1 ��� <'@= �� 
������� �6 u1 = u0 + ΔtF (u1) 
	� ���
<'%= �6 u1 = u0 + ΔtF (u0). ?�� ��� ���  
�� ����� !� 8� ����� � � 
�����
�
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Figure 6: BDF2 solutions at t = 1/4 for the Buckley-Leverett equation with
Δt = 0.25Δx. The dashed line is a time-accurate semi-discrete solution (Δx = 5·10−3).
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Figure 7: BDF2 solutions at t = 1/4 for the Buckley-Leverett equation with
Δt = 0.5Δx. The dashed line is a time-accurate semi-discrete solution (Δx = 5 ·10−3).
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��� �� Δt = 0.5Δx 9� ��� ���� 0����� A � 
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���� �	��
���� ��� 
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�� ���� � � �����
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�	


��
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	� � � � �
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��
8 �� ���
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���
���� �� 
����� �� � � �����
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��	���	�
��6 ��� �
��� ���� ������ ����	� ����; 
	� �	���� ���� 
���� � � � �
���

0.5 Monotonicity and boundedness properties

for RKMs, LMMs and GLMs: reviewing
some literature

4	 � �� � ���� 9� ��
� 9�� ��	��
� ���� ������	� ��� ��� �� ��	��;����
 ��
��	�
� ��������� �6��� ��
 ��� ���� 
	� �� ���� 
�� �� �	 � � ��
��9��� ��
��	��
� ��	�
� ��� ����
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0.5.1 Runge-Kutta methods

8 � ��	��
� ��	��;����
 ��� �� <��-=� ��� 
������	� un ��� n = 1, 2, . . . �


	 �� 9�����	 �	 � � ����

y
[n]
i = un−1 + Δt ·

s∑
j=1

aij F (y[n]
j ) (1 ≤ i ≤ s), (36a)

un = un−1 + Δt ·
s∑

j=1

bj F (y[n]
j ). (36b)

,��� aij 
	� bj 
�� �
�
������ ���	�	� � � ��� ��� 0��� ������� � � ��
����

y
[n]
i (1 ≤ i ≤ s) 
�� �	���	
� 
����C��
���	� ���� ��� 
������	� un ���� un−1�

�� ���� ?��
 �� <$()A= �� ,
����� �I����� : +
		�� <$(('=� 4� aij = 0 <���
j ≥ i=� � � ��� �� �� 

���� 	������
� 7��	� � � s × s �
���C A �6 A = (aij)

	� � � 
����	 ��
��� b ∈ Rs �6 b = (b1, b2, . . . , bs)T �

0�� ��� �� <'"=� ��
 
���	���	  
� ���	 �
�� �	 � � �����
���� �� � �
��	���	�
��6 �������6

‖y[n]
i ‖ ≤ ‖un−1‖ <��� 1 ≤ i ≤ s), (37a)

‖un‖ ≤ ‖un−1‖. (37b)
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��D
��	�� c 9��� �������	��� ��
 
� 
� ��	���	�
��6� �	 � � ��	�� �� <'A=� �� �����	� ��� 
�� Δt 9�� 

0 < Δt ≤ c · τ0,

� ��	� 
� � � �
��
 
��������	 <!=� 
���
�
��� 9�� � � ���9
�� /���� ��� ���
�� �
������� 0�� �C���
�� ��-�� � �� 9
� ��	� �6 ��9����	� � � ��� �; 
	�
������� �� <'"= 
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�	��C 
����	
���	� �� ���9
�� /���� �����G ��� ���� � �
: >� �� <$())=� ������� : ���� <!##!=� 
	� ���� <!##"=� 0�� ���� ��	��
�
��-�� ��������;
��D
��	�� 9��� ���
�	��� ����� �	 5�������� � � : 8
����
<!##$=� 0���

�	
 : ������� <!##@=� ,�����
� <!##%= 
	� ������� <!##A� ��
���	
'�!�$=�

2	 ������
	� 
 
�

�������
 E�
	���6 ��� ��	��;����
 ��� ��� 9
� �	���;
��
�� �6 ��

����
	��� <$(($=� 0����9�	� � �� 
�� �� 9� ��	���  �� E�
	���6
�6 R(A, b)� 
	� �	 ���	�	� ��� 9� ��
�� �	 �
���� ξ ≤ 0 ��� 9 �
 

(I − ξA) �� �	��������� A(I − ξA)−1 ≥ 0, bT (I − ξA)−1 ≥ 0,

(I − ξA)−1e ≥ 0 
	� 1 + ξbT (I − ξA)−1e ≥ 0.
(38)

,��� I ��	���� � � ���	���6 �
���C �� ����� s, 
	� e ��
	�� ��� � � 
����	
��
��� �	 Rs 
�� 9 ��� 
����	�	�� 
�� �E�
� �� $� 2�� �	�E�
������ ��� �
���
��

	� ��
���� � ���� �� �	��������� �	��6;9��� 
	� 
����	�	�;9���� �����
�����6�
8 �	 ��� 
 ����	 ��-� � � 	����� R(A, b) �� ���	�� 
�

R(A, b) = ���{r : r ≥ 0 
	� <')=  ���� ��� 
�� ξ 9�� − r ≤ ξ ≤ 0}.
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4	 
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�� �	� �� � � �	�E�
������ A ≥ 0� b ≥ 0 �� ����
���� R(A, b) = 0 ��
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 ��� �� 9�� s ≥ 1 �� ����� p�
�� 9
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	��� <$(($= � 
�

R(A, b) ≤ s− p+ 1 �� 1 ≤ p ≤ s.

���
�
� 
���	���	 9
� �
�� �� � � ������� �� �������	�	�� ��� 
 ����	 ��-�
� � 
�������	��	� �
C��
� �������� 
��D
��	� c� 4	 ,�����
� <!##@� !##%=�
0���

�	
 : ������� <!##@� !##%= 
�	�����	� 9��� ������� �	��� 9 �
 � �� 
�;
�D
��	� �E�
�� R(A, b)� /
����� ������� 
���� R(A, b) 9��� �C��	��� �	 �������
<!##A� ��
���	 !�!=�

0.5.2 Linear multistep methods
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0.5.3 General linear methods
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0.6 Scope of the thesis

Chapter I: Stepsize Conditions for Boundedness in Numer-
ical Initial Value Problems
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Chapter II: Special boundedness properties in numerical
initial value problems
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Chapter III: Stepsize Restrictions for Boundedness and
Monotonicity of Multistep Methods
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Chapter 1

Stepsize Conditions for
Boundedness in Numerical Initial
Value Problems
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Monotonicity of Runge-Kutta methods
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1.1.2 Scope of the chapter

Boundedness of general linear methods
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1.2.1 General linear methods
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Definition 1.2.1. (Boundedness of general linear methods). We define method
(1.12) to be bounded, with constant μ (for given stepsize Δt, vector space V,
seminorm ‖.‖ and function F ), if for all N ≥ 1 we have
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1.2.2 A generic numerical process, with a simple form
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‖ (I − |P |)−1 |R | ‖∞ ≤ μ. (1.23c)

Theorem 1.2.2. (Criterion for the bound (1.19), when arbitrary Fi satisfy
(1.18)). Consider process (1.16), with arbitrary coefficient matrices S = (sij)
and T = (tij), and let positive τ0, γ, μ be given. Then condition (1.23) is
necessary and sufficient for property (1.20), as well as for (1.21).
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1.2.4 Satisfying the bound (1.19) for restricted
functions Fi
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Example 1.2.3. Consider process 1.16 with l = 1, m = 2 and si,1 = 1, ti,1 = 3,
ti,2 = −2. Suppose (1.25), (1.26) with r = 1, I1 = {1, 2}, i.e. F1 = F2, and
consider γ ≥ 1/4.

One easily sees that requirement (1.23a) is fulfilled, and spr(|P |) ≥ 1.
Therefore, condition (1.23b) is violated.

On the other hand, the process at hand is nothing but the (backward Euler)
method y2 = y1 = x1 + Δt F1(y1), which is of the form (1.16) with l̃ = m̃ = 1
and S̃ = 1, T̃ = 1. Condition (1.23) is fulfilled by S̃, T̃ , with μ = 1, for any
γ > 0.

In line with Theorem 1.2.2 (applied with S̃, T̃ ), we can conclude that the
original process (with m = 2) must have property (1.27), with μ = 1, for any
γ > 0, although (1.23) is violated for γ ≥ 1/4. �
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T (: , i) �= 0, T (: , j) �= 0),

(1.30)
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(1.31)
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Theorem 1.2.4. (Criterion for the bound (1.19), when Fi satisfy (1.18), (1.26)).
Consider process (1.16), with arbitrary coefficient matrices S = (sij) and T =
(tij). Let positive τ0, γ, μ be given, and assume (1.25).
(i) Assume irreducibility in the sense of (1.30). Then condition (1.23) is nec-

essary and sufficient for property (1.27), as well as for (1.28).
(ii) Assume irreducibility in the sense of (1.31). Then condition (1.23) is nec-

essary and sufficient for property (1.27), as well as for (1.29).
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Example 1.2.5. Consider process 1.16 with l = 1, m = 3 and s1,1 = 0,
s2,1 = s3,1 = 1, ti,1 = i, t1,2 = t1,3 = 0, t2,2 = t3,2 = 3, t2,3 = t3,3 = −2.
Suppose (1.25), (1.26) with r = 1, I1 = {1, 2, 3}, i.e. F1 = F2 = F3, and
consider γ = 1/4.

The irreducibility assumption (1.30) is fulfilled. Furthermore, one easily sees
that (1.23a) is fulfilled, but spr(|P |) = 1. Therefore, condition (1.23) is violated.

On the other hand, for Δt = τ0/4 and V, ‖ · ‖, Fi as in (1.29), it can be seen
that ‖y1‖ = ‖Δt F (y1)‖ = 0, ‖y2‖ = ‖y3‖ ≤ ‖x1‖. With μ = 1, we thus have
property (1.29). �
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1.3 Results related to the main theorems

1.3.1 Alternative conditions for properties (1.20), (1.27)
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Background regarding condition (1.23b)
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Lemma 1.3.1. (Interpretations of (1.23b). Assume (1.23a). Then each of the
following three requirements is equivalent to (1.23b).
(i) I − |P | is invertible, with (I − |P |)−1 ≥ 0;
(ii) I − |P | is invertible, and spr(|P |) ≤ 1;
(iii) There exist no real scalar λ and vector ϕ ∈ Rm with:

(λ I − |P |)ϕ = 0, ϕ �= 0, ϕ ≥ 0, λ ≥ 1. (1.32)

Proof. One easily sees that (1.23b) implies each of the properties (i), (ii), (iii).
Conversely, applying the Perron-Frobenius theory as presented e.g. in Horn &
Johnson (1988, p. 503), it follows that (1.23b) is implied by (ii) as well as by
(iii).

We shall complete the proof of the lemma by assuming (i) and proving
(iii). Suppose, (iii) does not hold, i.e. there are λ, ϕ satisfying (1.32). Then
0 ≥ −ϕ = (I − |P |)−1{(λ − 1)ϕ} ≥ 0, so that ϕ = 0, which contradicts
(1.32).

Simplified conditions for properties (1.20), (1.27), with arbitrary μ

8 � �����9�	� 	�
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I + γ T �� �	��������, (1.33a)
P ≥ 0, (1.33b)
R ≥ 0. (1.33c)
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I − P = Q = (I + γ T )−1 (1.34)
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si j ≤ μ (1 ≤ i ≤ m). (1.35)
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Corollary 1.3.2. (Criterion for properties (1.20), (1.27), when P ≥ 0, R ≥ 0).
Let arbitrary matrices S = (sij), T = (tij) and positive values τ0, γ, μ be given,
such that (1.33) is fulfilled. Then the following two statements are valid.
(i) Condition (1.35) is necessary and sufficient for property (1.20).
(ii) Assume (1.25), (1.30). Then (1.35) is necessary and sufficient for property
(1.27).
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	�� �j , σ, τ
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��� ��
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� � � �
���
�� R = (rij), T = (tij), P = (pij) �
����6

spr(P ) ≤ 1 
	�
∑

k

|rjk | ≤ �j ,
∑

j

�j ≤ σ, �
Ci, j |tij | ≤ τ. (1.36)

Corollary 1.3.3. (Condition for property (1.20), when P ≥ 0). Let arbitrary
matrices S = (sij), T = (tij) and positive values τ0, γ be given, such that
(1.33a), (1.33b) are fulfilled. Then condition (1.36) guarantees property (1.20)
with

μ = maxj �j + γ · maxi

∑
j |tij | �j ≤ (1 + γ τ)σ.

Proof. In view of Theorem 1.2.2, it is sufficient to prove (1.23b), (1.23c) for
the above μ. Condition (1.23b) follows, from Lemma 1.3.1 and (1.34), as
above. Furthermore, condition (1.23c) is fulfilled, because ‖(I−|P |)−1 |R|‖∞ =
‖(I − P )−1 |R|‖∞ = ‖(I + γ T ) |R|‖∞ ≤ ‖R‖∞ + γ ‖T |R|‖∞ ≤ maxj �j + γ ·
maxi

∑
j |tij | �j.
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Simplified criterion for properties (1.20) and (1.27), with μ = 1
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���C S = (sij)
�
������

si 1 + si 2 + · · · + si l = 1 (1 ≤ i ≤ m). (1.37)
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Corollary 1.3.4. (Criterion for properties (1.20), (1.27), with μ = 1). Let
arbitrary matrices S = (sij), T = (tij) and positive τ0, γ be given. Assume
(1.37). Then the following two statements are valid.
(i) Condition (1.33) is necessary and sufficient for property (1.20) with μ = 1.
(ii) Assume (1.25), (1.30). Then (1.33) is necessary and sufficient for (1.27)
with μ = 1.

1.3.2 The matrices T, P and R, for the canonical repre-
sentation of GLMs
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A = (αi j), B = (βi j), L = (I + γ B)−1, K = L(γB), M = LA. (1.39)
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��� <
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�����6� ���� � 
� M0 �E�
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Lemma 1.3.5. (On the matrices T, P, R of the canonical representation). For
given γ > 0, μ > 0 and integer N ≥ 1, the following statements are valid.
(i) Matrix T satisfies (1.23a) if and only if I + γ B is invertible.
(ii) If (1.23a) holds, then matrix P satisfies (1.23b) if and only if spr(|K|) < 1.
(iii) If (1.23a) holds, then R is made up of q × l blocks Rn, and P of q × q

blocks Pn,j, where 1 ≤ n ≤ N, 1 ≤ j ≤ N and

Rn = M(M0)n−1, Pn,j = 0 (j > n), Pn,n = K, Pn,j = M(M0)n−j−1K0 (n > j).

Proof. Part (i) follows from (1.17b), and (ii) follows from the expressions for
Pn,j given in (iii).

To analyse the blocks Rn, we rewrite (I + γ T )R = S in terms of these
blocks, using (1.17): γ

∑n−1
j=1 A (A0)n−j−1 B0Rj + (I + γ B)Rn = A (A0)n−1

(n ≥ 1). To give this relation a more convenient form, we introduce the l × q
matrix H = [O I ], composed of the l × (q − l)) zero matrix O and the l × l
identity matrix I. Clearly, A0 = H A, B0 = H B, K0 = HK, M0 = HM . We
put Ā = AH, M̄ = M H , so that

γ

n−1∑
j=1

Ā n−jBRj + (I + γ B)Rn = Ā n−1A (n ≥ 1).

We modify this relation, by premultiplying it with Ā and replacing n by n −
1. Subtracting this modified equality from the original one, we obtain (I +
γ B)Rn = ĀRn−1, so that Rn = M̄ Rn−1 (n ≥ 2). Hence Rn = (M̄)n−1R1 =
(M̄)n−1M = M (M0)n−1 (n ≥ 1).

To complete the proof, we conclude from (I + γ T )P = γ T and (1.17b),
that P has a block Toeplitz structure, with q × q blocks Pn,j = Pn−j+1 where
Pk = 0 (k ≤ 0), P1 = K. Similarly as above we find γ

∑k−1
j=1 Ā

k−jB Pj +
(I + γ B)Pk = γ Ā k−1B (k ≥ 1) and (I + γ B)Pk = Ā Pk−1, so that Pk =
(M̄)k−1K = MMk−2

0 K0 (k ≥ 2).

1.3.3 Examples of actual boundedness results obtainable
from the theory
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‖v + τ0 F (v)‖ ≤ ‖v‖ (��� v ∈ V). (1.40)
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a21 = 1, a31 = a32 = 1/2, (1.42)

a21 = −20, a31 = 41/40, a32 = −1/40. (1.43)
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���	���	��� �������6 <$�@$=� 9�� μ = 1 + 2 (θ − 1) γ�

One-leg Adams-Bashforth method
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�	����� � � ��;

���� �	�;��� ������	 �� � � ��
�	� ����� 2�
��;?
� ���� 
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un = un−1 + Δt F
(3

2
un−1 − 1

2
un−2

)
, (1.45)
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����� �	 � 
� � ��� �C���� �� �������� γ 9�� � �
�������6 � 
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6� ����6 ‖un‖ ≤ max {‖un−1‖, ‖un−2‖}�
8 �� �����9� ���� ����
��6 ���� ������� <$()'� 8 ����� '�'=�

+� 9��� ��� � 
�� �	 ����� �� � � 
���� 	��
���� ������� � ��� �C��� �������� γ

	� μ ��
 � 
�

‖un‖ ≤ μ · max {‖u0‖, ‖u1‖} (��� 0 < Δt < γ · τ0, 
	� 
�� n ≥ 2), (1.46)
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���� v
[n]
1 = − 1

2un−1 + 3
2un� v

[n]
2 = un�

v
[n]
3 = un+1 
	� u

[n−1]
1 = un−1� u

[n−1]
2 = un� �� � 
� <$�@%= �� �E���
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q = 3, l = 2 
	� A =

⎛⎜⎝ − 1
2

3
2

0 1

0 1

⎞⎟⎠ , B =

⎛⎜⎝ 0 0 0

0 0 0

1 0 0
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	6 γ > 0�
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�6�� <$�''�= 9� 
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� Pn,j ≥ 0 <��� j = n − 1 
	� j = n − 2= �� 
	�
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����� γ = 4/9� 4	 � � 
	
�6��� �� Pn,j

9�� j ≤ n − 3� ��
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 $�'�% <���=� �� �� 
�	��	��	� �� ��� � � �����9�	�
�������	�
���	 ��� � � ��9��� �� M0&

(M0)k =

(
xk−1 yk−1

xk yk

)
,

9 ��� xk+1 = 1
3 xk + 2

9 xk−1� x0 = 0, x1 = 2
9 
	� yk+1 = 1

3 yk + 2
9 yk−1�

y0 = 1, y1 = 1
3
<��� k ≥ 1=� ����������	� � �� �������	�
���	 <9�� k = n−j−1=
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3n − 2, n ≥ 2)� �j = 3−n−1[2n+2 − (−1)n] (��� j = 3n − 1, n ≥ 1)� �j =
3−n−2[2n+3 + (−1)n] (��� j = 3n, n ≥ 1) 
	� σ = 31/4, τ = 3/2. 8 � ��;
������	� (1 + γ τ)σ �� ������
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A two-stage GLM
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[n]
1 = −u[n−1]

1 + 2 u[n−1]
2 , (1.47a)

u
[n]
2 = u

[n−1]
2 + Δt · F (u[n]

1 ), (1.47b)
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1.4 Proof of Theorems 1.2.2, 1.2.4
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1.4.1 Sufficiency of condition (1.23)
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⎛⎜⎝ x1
���
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yi =
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	� yi� �

����	� �	 <$�$"=� �	�� ��
���� x = [xi] ∈
Vl 
	� y = [yi] ∈ Vm� �����
�����6� 0��� ������� ��� ����	 ��	
���	� Fi : V → V

<1 ≤ i ≤ m=� 9� ���	� 
 ��	
���	 �� ���� V
m �� V

m� �6 �(y) = [Fi(yi)] ∈ V
m

��� y = [yi] ∈ Vm� +�� � ��� 	��
���	�� � � ���
���	� <$�$"= 

	 �� 9�����	 
�

	 �E�
���6 �	 Vm&

y = �x + Δt · � �(y). (1.48)

8 � �����E��	� ����
 �� 
 �
��
	� �� ������� <!##A� .���
 @�$=� 4� 9���
�� ������� �	 � � �����	� ��
���	 ��� �����	� *���������	 $�@�!� 
	� �
��� �	
��� �����	� *���������	 $�@�"� +� � 
�� ��� � � 	��
���	� $�!!� 
	� ���
�� $�@)
B9�� Fi �
����6�	� <$�$)=� <$�!"= B �� � � 
�	�����	�

y = �x + � z, 9�� ‖zi‖ ≤ ‖yi‖ (1 ≤ i ≤ m), (1.49a)
yi �= yj 9 �	���� zi �= zj 
	� i, j ����	� �� � � �
�� �	��C ��� Iρ.(1.49b)

Lemma 1.4.1. (Reformulation of (1.48) with Fi satisfying (1.18), (1.26)). Let
τ0 > 0, γ > 0, I + γ T invertible, and assume (1.25). Let x = [xi] ∈ Vl and
y = [yi] ∈ Vm be given. Then the following three statements are equivalent:

The vectors x, y satisfy (1.48) for some Δt with 0 < Δt ≤ γ · τ0
and some functions Fi : V → V satisfying (1.18), (1.26); (1.50)

The vectors x, y satisfy (1.48) with Δt = γ · τ0 and some func-
tions Fi : V → V satisfying (1.18), (1.26); (1.51)

There exists a vector z = [zi] ∈ Vm such that (1.49) holds. (1.52)

Proof. Assume (1.50). In order to prove (1.51), we define θ = Δt/(γ τ0) and
F̃i = θ · Fi, so that x, y satisfy (1.48) also with Δt = γ · τ0 and Fi replaced
by F̃i. Clearly, F̃i = F̃j for i, j in the same index set, and ‖v + τ0 F̃i(v)‖ =
‖(1 − θ) v + θ [v + τ0 Fi(v)]‖ ≤ ‖v‖. This implies (1.51).

Assume (1.51). In order to prove (1.52), we rewrite (1.48) as

(I + γT) y = Sx+ γT [y + τ0 F(y)],

from which we see that x, y satisfy (1.49a) with z = [zi] = y + τ0 F(y).
Furthermore, when zi �= zj and i, j belong to the same index set Iρ, we have
yi + τ0 Fi(yi) �= yj + τ0 Fi(yj), which implies (1.49b). Hence, (1.52) holds.

Assume (1.52). We shall prove (1.50). For i ∈ Iρ we define Fi(v) =
(1/τ0) (zk − yk) (if v = yk, k ∈ Iρ) and Fi(v) = 0 (otherwise). In view of
(1.49b) this is a proper definition, and Fi = Fj for i, j in the same index set,
i.e. (1.26). Furthermore, we see that x, y satisfy (1.48) with Δt = γ · τ0. Fi-
nally, for i ∈ Iρ, we have ‖v + τ0 Fi(v)‖ = ‖zk‖ ≤ ‖v‖ (if v = yk, k ∈ Iρ) and
‖v + τ0 Fi(v)‖ = ‖v‖ (otherwise), so that (1.18) is fulfilled. This completes the
proof of (1.50).
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Proposition 1.4.2. (Sufficiency of condition (1.23) for property (1.20)). Let
τ0 > 0 be given, and assume γ, μ are positive constants such that (1.23) holds.
Then process (1.16) has the boundedness property (1.20).

Proof. Assume condition (1.23) is fulfilled, and consider xi, yi satisfying (1.16),
in the situation where (1.18) holds and 0 < Δt ≤ γ · τ0. Applying Lemma 1.4.1
(with the trivial index sets Iρ = {ρ}, 1 ≤ ρ ≤ r = m), we have (1.49a), from
which we obtain

[ ‖yi‖ ] ≤ [ ‖ri‖ ] + |P | [ ‖zi‖ ] ≤ [ ‖ri‖ ] + |P | [ ‖yi‖ ], with [ ri ] = R x.

Consequently, (I−|P |) [ ‖yi‖ ] ≤ [ ‖ri‖ ]. By Lemma 1.3.1, the matrix I−|P | is
invertible with (I − |P |)−1 ≥ 0. Therefore, [ ‖yi‖ ] ≤ (I − |P |)−1 [ ‖ri‖ ], which
implies

[ ‖yi‖ ] ≤ (I − |P |)−1 |R| [ ‖xi‖ ]. (1.53)

An application of (1.23c) shows that the components in the right-hand member
of the last inequality do not exceed μ · (maxj‖xj‖), which completes the proof
of Proposition 1.4.2.

1.4.2 Necessity of condition (1.23)

4	 � �� ��
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�� ����� � � 	�
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�	�����	 <$�!'= ��� ����������
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	� <$�!(=� �	��� � � ������
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	� <$�'$=� ��;
���
�����6� +� 
����� � ���� ��� � � ��
���	 � 
� τ0, γ, μ 
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�	��
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	�� �	���� ��
��� �� ��9���� � 
� Iρ 
�� 
�����
�6 ����	 �	��C ���� ��
�6�� <$�!%=�

Formulation of Proposition 1.4.6

8� ����	���
�� � � 	�
�����6 �� 
�	�����	 <$�!'= 9� 9��� ������
�� *������;
���	 $�@�"� 8� ����� � �� ����������	 9� 9��� 	��� � ��� ����
�� � � ���� ��
9 �
 ��

Lemma 1.4.3. (Invertibility of I + γ T ). Property (1.28), as well as property
(1.29), implies that the matrix I + γ T is invertible.

Proof. Assume (1.28) or (1.29). Let η = [ηi] ∈ R
m with (I + γ T ) η = 0. We

shall prove η = 0.
We define Fi(v) = −(1/τ0) v (for all v ∈ V = Rm), so that (1.26), (1.18) are

fulfilled with ‖ · ‖ = ‖ · ‖∞. We see that (1.16) is satisfied, with Δt = γ · τ0, by
the vectors xi = 0 (1 ≤ i ≤ l) and yi = ηi e1 (1 ≤ i ≤ m), where e1 is the first
unit vector in V = Rm.

By (1.28) or (1.29), there follows |ηi| = ‖yi‖∞ ≤ μ ·maxj‖xj‖∞ = 0, so that
η = 0.
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ξ = [ξj ] ∈ Rl 
	� η = [ηj ], ζ = [ζj ] ∈ Rm �
����6�	� � � �����9�	� 
�	�����	&

η = Rξ+P ζ, 9�� ηj �= ηk <��� 
�� j �= k ����	��	� �� � � �
��
�	��C ��� Iρ=�

(1.54)

0��� ������� �	 �����	� � 
� � � <9�
���= �������6 <$�!(= ������� <$�!'=� 9�
� 
�� ��� ��
���� ξ = [ξj ] ∈ Rl 
	� η = [ηj ], ζ = [ζj ] ∈ Rm �
����6�	� � �
�����E��	� <����	���= 
�	�����	&

η = Rξ+P ζ, 9�� |ζj | ≤ |ηj | <��� 1 ≤ j ≤ m=� 
	� ηj �= ηk <���

�� j �= k ����	��	� �� � � �
�� �	��C ��� Iρ=�

(1.55)

+� � 
�� ��� � 
� ��
���� ξ, η, ζ �C��� �
����6�	� 
�	�����	� <$�%@= 
	� <$�%%=�
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�����6� �� � � �����9�	� <���������= ������	� �� 
��������	� <$�'#= 
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<$�'$= 
�� ��������&

[S T ](i, :) �= [S T ](j, :) <�� i �= j ����	� �� � � �
�� �	��C ��� Iρ), (1.56)

[S T̂ ](i, :) �= [S T̂ ](j, :) <�� i �= j ����	� �� � � �
�� �	��C ��� Iρ). (1.57)
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Lemma 1.4.4. (Relevance of (1.54), (1.55) for condition (1.23)).
(i) Assume (1.28), and suppose ξ, η, ζ satisfy (1.54). Then (1.23) is fulfilled.
(ii) Assume (1.29), and suppose ξ, η, ζ satisfy (1.55). Then (1.23) is fulfilled.

Lemma 1.4.5. (Conditions for (1.54), (1.55)). Let I + γ T be invertible. Then
the following two implications are valid.
(i) Assumption (1.56) implies the existence of ξ, η, ζ satisfying (1.54).
(ii) Assumption (1.57) implies the existence of ξ, η, ζ satisfying (1.55).

��	
� � � ����� �� � ��� �9� ����
� �� �
� �� ��	�� �� 9��� �� ����	 ���
�
���6
�	 ��
���	 $�@�!�

Proposition 1.4.6. (Necessity of condition (1.23) for properties (1.28), (1.29)).
(i) Assume (1.28) and irreducibility in the sense of (1.30). Then (1.23) holds.
(ii) Assume (1.29) and irreducibility in the sense of (1.31). Then (1.23) holds.

Proof. Because of Lemma 1.4.3, we can assume that I + γ T is invertible.
In order to prove Part (i) of the proposition, we assume (1.28), (1.30). We

denote by I0 the set of all indices i, with 1 ≤ i ≤ m and T (:, i) = 0.
First, assume there are no index sets Iρ containing a pair of indices i �= j

with j ∈ I0. Conditions (1.30) and (1.56) are then equivalent. Hence, combining
Lemma 1.4.5 (i) and Lemma 1.4.4 (i), we obtain (1.23).

Next, assume there do exist sets Iρ containing indices i �= j where j ∈ I0.
We note that the functions Fj , with j ∈ I0, do not enter actually in the basic
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relations (1.16). Accordingly, it is immaterial for these relations whether or not
a given function Fj , with j ∈ I0, is equal to any Fi with i �= j. Therefore, we
can refine the given partition I1 ∪ · · · ∪ Ir = {1, · · · ,m} into one with regard
to which properties (1.28) and (1.56) hold: the refined partition is obtained,
from the original one, by creating new separate index sets for all indices j ∈ I0

belonging to an (old) index set Iρ with at least two different indices.
From (the original) property (1.28) one sees that (1.28) is still present with

regard to the new, refined partition. Moreover, the original property (1.30) im-
plies that (1.56) is valid with regard to the new index sets. Therefore, we arrive
at (1.23), again by combining Lemma 1.4.5 (i) and 1.4.4 (i) (in the situation of
the new partition).

To prove Part (ii) of the proposition, assume (1.29), (1.31), and define I0 as
above.

First assume there are no sets Iρ containing indices i �= j where j ∈ I0.
Conditions (1.31) and (1.57) are then equivalent. Hence, Lemmas 1.4.5 (ii) and
1.4.4 (ii) yield (1.23).

Next assume there do exist sets Iρ with indices i �= j where j ∈ I0. Using
the above refined partition, similarly as in the proof of Part (i), we arrive again
at (1.23) by combining Lemma 1.4.5 (ii) and 1.4.4 (ii).

Proof of the Lemmas 1.4.4, 1.4.5

8 � ���� ������� �� � � �����	� ��
���	 �� �� ����� .���
� $�@�@� $�@�%� 8 ���� ;
��� � � ��
���	 9� 
������ 9�� 	� ���� �� ��	��
���6� � 
� I + γ T �� �	���������
+� � 
�� ��� � � 	��
���	

��	(α) = 1 (��� α ≥ 0), ��	(α) = −1 (��� α < 0).

Proof of Lemma 1.4.4

8 � ����� �� � �� ����
 �� ������� �	�� �����
� �
����
/��
 "�# 2����� <$�!)=� 
	� ��� ξ, η, ζ �
����6 <$�%@=� +� � 
�� ����� <$�!'�=

��
 .���
 $�'�$� �6 
�����	� � 
� λ 
	� ϕ �
����6 <$�'!=� 
	� ����
�	� 


�	��
��
���	 ���� � 
� 
��������	�

+� � 
�� ����� ϕ = 0� �6 ���	� ���
�
� ��
���� x = [xj ] ∈ Vl 
	� y =
[yj ], z = [zj] ∈ Vm� 9 ��� xj , yj , zj ∈ V = Rm  
�� 
����	�	�� xij , yij , zij �
�����
�����6� +� ���	�� ��� 1 ≤ i ≤ m, 1 ≤ j ≤ m, 1 ≤ k ≤ l�

xik = 0, zij = ��	(pij)ϕj , yij =
l∑

k=1

rjk xik +
m∑

k=1

pjk zik.

+�  
�� y = �x+� z, 
	� ��

��� yjj =
∑m

k=1 |pjk|ϕk = λϕj � � ��� �����9�

‖zj‖∞ = |zij | = ϕj ≤ yjj = ‖yj‖∞ (1 ≤ i ≤ m, 1 ≤ j ≤ m). (1.58)

0����� ������� yj �= yk ��� 
�� j �= k ����	��	� �� � � �
�� �	��C ��� Iρ�
8 �	 x, y, z �
����6 <$�@(=� 9�� ‖ · ‖ = ‖ · ‖∞� �� � 
�� �6 .���
 $�@�$� � �
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��
���� x, y �
����6 <$�%$= 9�� V = Rm, ‖ · ‖ = ‖ · ‖∞� ?6 �������6 <$�!)= 
	�
<$�%)=� � ��� �����9� ‖ϕ‖∞ ≤ �
Cj‖yj‖∞ ≤ μ ·�
Ck‖xk‖∞ = 0� ,�	
� ϕ = 0�
9 �
 
�	��
��
�� <$�'!= 
	� � �� ������ <$�!'�=�

��C�� ������� yq = ys ��� �9� �	��
�� q < s ����	��	� �� � � �
�� ��� Iρ�
4	 � �� ����
���	� 9� �����6 <�	�6= � � q;� 
����	�	� �� 
�� xj , yj , zj �	��
x̃qj = ξj , ỹqj = ηj , z̃qj = ζj � 
	� 9� ��	��� � � �������	� ��
���� �6 x̃j , ỹj , z̃j�
�����
�����6� 8 � ��
���� x̃ = [x̃j ], ỹ = [ỹj ], z̃ = [z̃j ] �
����6 � � �����9�	� �
��
	�
�� 
�	�����	 <$�@(=&

ỹ = � x̃+� z̃, ỹj �= ỹk (��� 
�� j �= k �	 � � �
�� �	��C ���). (1.59)

4	 ����� � 
� x̃, ỹ, z̃ 

��
��6 ������ <$�@(=� 9� ���	� � � ���
�
� ����	���

‖ψ‖ = �
C {|ψi| : i �= q} (��� 
�� ψ = [ψi] ∈ V = R
m).

?�

��� yj , zj �
����6 <$�%)=� 9�  
��

‖z̃j‖ = ‖zj‖∞ ≤ ‖yj‖∞ = ‖ỹj‖ (��� 1 ≤ j ≤ m) (1.60)

<9 ��� ‖yj‖∞ = ‖ỹj‖� 9�� j = q� �����9� ����& ‖ỹq‖ = ‖ỹs‖ = ‖ys‖∞ =
‖yq‖∞=�

���
��6� 9�� � � 
���� ���
�
� ����	��� �	 V� � � ��
���� x̃, ỹ, z̃ ������
<$�@(=� �� � 
� x̃, ỹ �
����6 <$�%$=� ���	� �������6 <$�!)= 
	� � � �
�� �E�
���6 �	
<$�"#=� 9� �	� �
Cj‖yj‖∞ = �
Cj‖ỹj‖ ≤ μ ·�
Ck‖x̃k‖ = 0. 4	 ���9 �� <$�%)=�
�� �����9� � 
� ϕ = 0� 9 �
 ������ <$�!'�=�

/��
 "�# 2�����	� <$�!)=� <$�%@=� 9� � 
�� ����� <$�!'
=� +�  
�� ‖(I −
|P |)−1|R |‖∞ = ‖ϕ‖∞� 9�� ϕ = [ϕi] ∈ Rm� 9 ��� � � �
���� ϕi ≥ 0 �
����6 � �
��	�
� �E�
���	�

ϕj =
l∑

k=1

|rjk| +
m∑

k=1

|pjk|ϕk (1 ≤ j ≤ m).

��	�����	 <$�!'
= �� � �� �E���
��	� ��

‖ϕ‖∞ ≤ μ. (1.61)

+� � 
�� ����� � �� �	�E�
���6� ���	� 
�
�	 ���� ���
�
� ��
���� x = [xj ] ∈
Vl 
	� y = [yj ], z = [zj] ∈ Vm� 9 ��� xj , yj , zj ∈ V = Rm  
�� 
����	�	��
xij , yij , zij � 4	 ���9 �� � � ��	�
� �E�
���	� �
������ �6 ϕ1, . . . , ϕm� 9� ���	�
	�9

xik = ��	(rik), zij = ��	(pij)ϕj , yij =
l∑

k=1

rjk xik +
m∑

k=1

pjk zik.

���
��6 y = �x+� z� 
	� ��

��� yjj =
∑l

k=1 |rjk|+
∑m

k=1 |pjk|ϕk = ϕj � � �
���
���	� <$�%)= 
�� 
�
�	 ���������
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 $�@�$� � � ��
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����6 <$�%$= 9�� V = R

m, ‖ · ‖ = ‖ · ‖∞� ?6 �������6 <$�!)= 
	� <$�%)=�
� ��� �����9� ‖ϕ‖∞ ≤ �
Cj‖yj‖∞ ≤ μ ·�
Ck‖xk‖∞ = μ� 9 �
 ������� <$�"$=�

��C�� ������� yq = ys� 9 ��� q < s ����	� �� � � �
�� ��� Iρ� +� �����6
� � q;� 
����	�	� �� xj , yj , zj 
� 
���� �	 *
�� $
 �� � � ������ 8 � �������	�
��
���� x̃ = [x̃j ], ỹ = [ỹj ], z̃ = [z̃j ] �
����6 
�
�	 <$�%(=� 
	� B �	 ���9 �� <$�%)= B
� �6 �
����6 
��� <$�"#=�

��	��E��	��6� x̃, ỹ, z̃ ������ 
�	�����	 <$�@(=� �� � 
� x̃, ỹ �
����6 <$�%$= 9�� 
� � ���
�
� ����	��� ���	�� 
����� ���	� �������6 <$�!)= 
	� � � �
�� �E�
���6
�	 <$�"#=� 9� �	� �
Cj‖yj‖∞ = �
Cj‖ỹj‖ ≤ μ · �
Ck‖x̃k‖ = μ� 9 �
 ������

�
�	 <$�"$=�

/��
 ,�# 2����� <$�!(= 
	� <$�%%=� +� � 
�� 
�
�	 ����� <$�!'�= ��
 .���

$�'�$�

7�	��� �6 λ 
	� ϕ = [ϕi], x = [xj ] = [[xij ]], y = [yj ] = [[yij ]], z = [zj ] =
[[zij ]] � � �
�� �

�
� 
	� ��
���� 
� �	 *
�� $
 �� � � ������ �� � 
� < $�%)= ��

�
�	 �	 ���
��

0����� ������� yj �= yk ��� 
�� j �= k ����	��	� �� � � �
�� �	��C ��� Iρ�
�����
��6 
� �	 *
�� $
� 9� 
����� 
� ϕ = 0� 9 �
 ������ <$�!'�=�

��C�� ������� yq = ys 9 ��� q < s ����	� �� � � �
�� ��� Iρ� 7��	�
x̃j , ỹj , z̃j 
� �	 *
�� $
� ��� 	�9 9�� ξ, η, ζ �
����6�	� <$�%%=� +�  
�� 
�
�	
<$�%(=� <$�"#=� 
	� � �������

‖z̃j‖∞ = �
C{‖z̃j‖, |ζj |} ≤ �
C{‖ỹj‖, |ηj |} = ‖ỹj‖∞. (1.62)

,�	
�� x̃j , ỹj, z̃j �
����6 <$�@(= 9�� ‖·‖ = ‖·‖∞� 1�
 .���
 $�@�$ 
	� �������6
<$�!(= 9� ���
�	 ‖ỹj‖∞ ≤ μ · ‖ξ‖∞� 
	� �	 ���9 �� <$�%)=� <$�"#= � ��� �����9�
‖ϕ‖∞ ≤ μ · ‖ξ‖∞�

?6 ����
��� �

��	� �� ξ, η, ζ� 9�� �������6 <$�%%=� 9� 

	 

 ���� � 
� ‖ξ‖∞
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�����
���6 
���� �� ����� ,�	
�� ϕ = 0� 9 �
 ������ <$�!'�=�
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�� ����� <$�!'
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Proof of Lemma 1.4.5

/��
 "# 0�� ����	 ξ = [ξi] ∈ R
l 
	� λ = [λi] ∈ R

m� �	� 

	 ���	� η = [ηi], ζ =
[ζi] ∈ Rm �6

ηi =
∑

k

sik ξk +
∑

k

tik λk, ζi = ηi + λi/γ (1 ≤ i ≤ m). (1.63)

8 � ���	����	 �� �
���6 ���	 �� ����6

η = Rξ + P ζ. (1.64)

8 �� ������ �����

���	 9��� �� ����� �����
� ������ ����9�
2�����	� <$�%"=� �	� 

	 ��� � 
� ξi, λi �C���� ��
 � 
� ηi� ���	�� �6 <$�"'=�

�
����6
ηi �= ηj (��� 
	6 i �= j �	 � � �
�� �	��C ��� Iρ). (1.65)

?�

��� <$�"'= ������� <$�"@=� �� �����9� � 
� ξ, η, ζ �C��� �
����6�	� <$�%@=�
/��
 ,# 2�����	� <$�%A=� 9� � 
�� �������	� �

�
�� ε, μk, ξk� 9�� 

0 ≤ ε μk ≤ 2 γ, (1.66)

��
 � 
� � � �6���� �� �E�
���	�

ηi =
∑

k

sik ξk − ε
∑

k

tik μk ηk (1 ≤ i ≤ m) (1.67)

 
� 
 �������	 η = [ηi] �
����6�	� <$�"%=� ���	� � � �����

���	 <$�"'= ⇒ <$�"@=
<9�� λi = −ε μi ηi=� �	� ���� � 
� ��
 �

�
�� ε, μk, ξk ��
� �� <$�%%= <9�� 
ζi = (1 − ε μi

γ ) ηi=�
8� �	� ε, μk, ξk 9�� � � 
���� ����������� 
�	����� ���� 
	6 �C�� μk, ξk�


	� 	��� � 
� � � 
�������	��	� �6���� <$�"A=  
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 �������	 ηi = ηi(ε)� ���
ε > 0 ��
�� �	��� � 9�� 

ηi(ε) = σi−ε τi+O(ε2) (��� ε ↓ 0), σi =
∑

k

sik ξk, τi =
∑

k

tik σk μk. (1.68)

2���	� 
� <$�"%= <9�� ηi = ηi(ε)=� 9� 
�� ��
� �6 <$�")= �� �C ξk ��
 � 
�

σi �= σj <��� S(i, :) �= S(j, :)), σi �= 0 <��� S(i, :) �= 0).

?���9 9� � 
�� ���
��6 μk� �	 ����� �� �
���� �k 9 �
 
�� �������	�� ��
 � 
�
��	(�k) = ��	(σk) <��� 1 ≤ k ≤ m) 
	�

∑
k t̂ik �k �= ∑

k t̂jk �k <��� T̂ (i, :) �=
T̂ (j, :)). +� ���	� μk = �k/σk <�� σk �= 0= 
	� μk = 0 <�� σk = 0=� 4� �����9�
� 
�

μk ≥ 0 <��� 1 ≤ k ≤ m) 
	� τi �= τj <��� T̂ (i, :) �= T̂ (j, :)).
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Chapter 2

Special boundedness properties in
numerical initial value problems
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2.2 Reviewing and extending results from the
literature

2.2.1 Preliminaries
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P = (pij) = (I + γ T )−1(γT ), R = (rij) = (I + γ T )−1S. (2.9)
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Lemma 2.2.1 (Invertibility of I + γ T ). Let τ0 > 0, γ > 0 be given and
Δt = γ · τ0. Let V = R, || · || = | · | and assume μ is a constant such that the
general bound (2.8) holds whenever Fi : V → V fulfil the basic assumption (2.4)
and yi, xj ∈ V satisfy (2.2). Then I + γ T is invertible.

Proof. Let η = [ηi] ∈ Rm such that (I + γ T ) η = 0. We shall prove η = 0.
We define Fi(v) = −(1/τ0) v (for all v ∈ V), so that the basic assumption

(2.4) is fulfilled with ‖ · ‖ = | · |. Clearly, (2.2) is satisfied, with Δt = γ · τ0, by
the vectors xi = 0 (1 ≤ i ≤ l) and yi = ηi (1 ≤ i ≤ m). By applying (2.8), there
follows |ηi| = |yi| ≤ μ · maxj |xj | = 0, therefore η = 0.
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(I + γ T )−1(γT ) ≥ 0, (I + γ T )−1S ≥ 0.
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P ≥ 0, R ≥ 0. (2.10)
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2.2.2 Monotonicity with arbitrary convex functionals || · ||
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Theorem 2.2.2 (Criterion for monotonicity with arbitrary convex functional
|| · ||). Consider a generic process (2.2) satisfying the preconsistency condition
(2.5). Let γ > 0 be given. Then the monotonicity property (2.7) is present, if
and only if γ satisfies the classical condition (2.10).
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4	
(A) = (âij), 9 ��� âij = 1 (�� aij �= 0), âij = 0 (�� aij = 0).

Theorem 2.2.3 (Conditions on S, T ). Let the preconsistency condition (2.5)
be fulfilled. Then there is a γ > 0 satisfying the classical condition (2.10), if
and only if S ≥ 0, T ≥ 0, Inc(TS) ≤ Inc(S) and Inc(T 2) ≤ Inc(T ).
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‖yi‖ ≤
l∑

j=1

|sij | ‖xj‖ (1 ≤ i ≤ m). (2.11)
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(2.12)
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Theorem 2.2.4 (Criterion for property (2.12)). Consider a generic process
(2.2) satisfying the preconsistency condition (2.5). Let γ > 0 be given. Then
property (2.12) is present, if and only if γ satisfies the classical condition (2.10).

Proof. 1. Let the basic assumption (2.4) be fulfilled, and let 0 < Δt ≤ γ · τ0,
where γ satisfies the classical condition (2.10). We denote by Ek the k×1 matrix
with all entries equal to 1. Note that, since R = (I − P )S and SEl = Em, we
have REl + PEm = Em, i.e.

∑l
j=1 rij +

∑m
j=1 pij = 1.

We rewrite process (2.2), using the notations (2.9), in the form

yi =
l∑

j=1

rij xj +
m∑

j=1

pij

(
yj + θτ0Fj(yj)

)
(1 ≤ i ≤ m), θ =

Δt

γτ0
.

We denote the column vector in R
l with components ||xi|| by [||xi||], and we use

a similar notation with regard to yi and Fi(yi). Using the convexity property of
the functional ‖·‖, there follows [||yi||] ≤ R[||xj ||]+P [||yi+θτ0Fi(yi)||]. Because
P ≥ 0, we have P [||yi+θτ0Fi(yi)||] = P [||θ(yi+τ0Fi(yi))+(1−θ)yi||] ≤ P [||yi||],
so that

[||yi||] ≤ (I + γ T )−1S[||xj ||] + (I − (I + γ T )−1)[||yi||], (2.13)
i.e. (I + γ T )−1[||yi||] ≤ (I + γ T )−1S[||xj ||]. In view of Theorem 2.2.3, the
matrices S and I + γ T are nonnegative, so that the bound (2.11) is in force.
Property (2.12) has thus been proved.

2. Conversely, assume property (2.12) is present. We shall use the notation

sgn(α) = 1 (for α ≥ 0), sgn(α) = −1 (for α < 0).

Applying property (2.12) in the special situation where V = R, ||v|| = v, Fi =
0, xj = sgn(si0j), we see from the corresponding bound (2.11) that

∑
j |si0j | ≤∑

j |si0j | sgn(si0j), so that si0j ≥ 0. Hence, all sij ≥ 0.
In the general situation, the bound (2.11) thus implies, for 1 ≤ i ≤ m,

‖yi‖ ≤
∑

n

sin‖xn‖ ≤ (∑
n

sin

)
maxj‖xj‖ = maxj‖xj‖.

It follows that property (2.12) implies the standard monotonicity property (2.7)
and – by Theorem 2.2.2 – also the classical condition (2.10).
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2.2.3 General bounds with seminorms || · ||
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‖yi‖ ≤ μi · max
1≤j≤l

‖xj‖ (��� 1 ≤ i ≤ m), (2.14)

‖yi‖ ≤
l∑

j=1

μij ‖xj‖ (��� 1 ≤ i ≤ m), (2.15)

9 ��� ��� � � ���� ���	� μi 
	� μij ��	��� 
�����
�6 
��D
��	��� ���
��6� 9 �	
μi = 1� μij = |sij |� � ��� ���	�� ����
� �� � � ���	�� <!�"= 
	� <!�$$=� �����
;
�����6�

4	 � �� ��
���	� 9� � 
�� ��
� 9�� � � ����
���	 9 ��� || · || �� 
 �	�������
����

||v + w|| ≤ ||v|| + ||w|| 
	� ||λ v|| = |λ| ||v|| (2.16)

��� 
�� ��
� λ 
	� v, w ∈ V� +� � 
�� �
6 � 
� ����	�� !,#,% ��
��&	� 
�	 ��
��
!,#"1% �� !,#"2% <��� ����	 �������� Δt� ��
��� ��

� V� ����	��� ‖.‖ 
	� ��	
;
���	� Fi : V → V), �� <!�$@= �� <!�$%=� �����
�����6�  ���� 9 �	���� xi 
	� yi ∈ V

�
����6 <!�!=� ?���9 9� � 
�� ��
�� �	 ��������;
��D
��	�� γ 9 �
 
�� ���
���
�� � � 
���� �9� ��	��
� ���	�� �6 ��
	� �� � � �����9�	� �9� ����������&

��	�����	 0 < Δt ≤ γ · τ0 ������� � 
� ���
��� <!�!= �
������ � �
���	� <!�$@=� 9 �	���� V �� 
 ��
��� ��

�� ‖ · ‖ 
 ����	��� �	
V� 
	� � � ��	
���	� Fi : V → V �
����6 � � �
��
 
��������	
<!�@=�

(2.17)

��	�����	 0 < Δt ≤ γ · τ0 ������� � 
� ���
��� <!�!= �
������ � �
���	� <!�$%=� 9 �	���� V �� 
 ��
��� ��

�� ‖ · ‖ 
 ����	��� �	
V� 
	� � � ��	
���	� Fi : V → V �
����6 � � �
��
 
��������	
<!�@=�

(2.18)
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Theorem 2.2.5 (Criteria for the properties (2.17), (2.18)). Consider an arbi-
trary generic process (2.2). Let γ > 0 and arbitrary μi, μij be given. Then the
following two propositions are valid:
(I) Property (2.17) is present, if and only if γ is such that condition (2.20) is

fulfilled.
(II) Property (2.18) is present, if and only if γ is such that condition (2.21) is

fulfilled.

Proof. The conditions (2.20), (2.21) imply (2.17) and (2.18), respectively, by
similar arguments as used in part 1 of the proof of Theorem 2.2.4. Using the
arguments of the mentioned proof and (2.16), we get now [||yi||] ≤ |R|[||xj ||] +
|P |[||yi||] instead of (2.13). There follows [||yi||] ≤ (I − |P |)−1 |R|[||xj ||]. By
(2.21) we arrive at property (2.18). Since (I−|P |)−1|R|[||xj ||] ≤ (I−|P |)−1|R|El·
maxk ||xk||], by (2.20) we arrive at property (2.17).

The necessity of the conditions (2.20) and (2.21) can be proved by almost
the same arguments as already given in Chapter 1 (Section 1.4.2).
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2.3 Bounds of a special form

2.3.1 Special choices for μi, μij
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2.3.2 Simplified conditions when μi =
∑

j |sij| and

μij = |sij|
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Lemma 2.3.1 (Conditions (2.20), (2.21) with μi =
∑

j |sij | and μij = |sij |).
Condition (2.20) with μi =

∑
j |sij | is equivalent to (2.21) with μij = |sij |.

Proof. To prove the lemma, we assume spr(|P |) < 1 and μi =
∑

j |sij |, μij =
|sij |.

Suppose condition (2.20) is fulfilled. Since (μi) = |S|El = |(I −P )−1R|El ≤
(I − |P |)−1|R|El, condition (2.20) is equivalent to |S|El = (I − |P |)−1|R|El,
which can be rewritten as |S|El = |P ||S|El + |R|El. Because of the last equality
and |S| = |R+ PS| ≤ |R| + |P ||S|, it follows that

|S| = |P ||S| + |R|.
Hence, (I − |P |)−1|R| = |S| = (μij), which implies (2.21).

Conversely, (2.21) implies (I − |P |)−1|R|El ≤ |S|El, i.e. (2.20).
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���(|P |) < 1 
	� |P S| = |P | |S| ≤ |S|, |R| ≤ |S|; (2.25)

���(|P |) < 1 
	� P S = |P |S, R ≥ 0; (2.26)

���(P ) < 1 
	� P ≥ 0, R ≥ 0; (2.27)

P ≥ 0, R ≥ 0, S ≥ 0. (2.28)

Lemma 2.3.2 (Simplifications of (2.20), (2.21) with μi =
∑

j |sij |, μij = |sij |).
(I) Condition (2.20) as well as condition (2.21), with the choice (2.22), is

equivalent to (2.25).
(II) If S ≥ 0, then condition (2.25) is equivalent to (2.26).
(III) If S has no row equal to zero, then the three conditions (2.26), (2.27) and

(2.28) are equivalent to each other.

Proof. (I) In view of Lemma 2.3.1, it is enough to show that condition (2.21)
with μij = |sij | is equivalent to (2.25).

From the proof of Lemma 2.3.1 it is evident that condition (2.21), with
μij = |sij |, is equivalent to

spr(|P |) < 1 and |S| = |P ||S| + |R|. (2.29)

The last equality implies |P | |S| = |P S|, because |S| = |PS+R| ≤ |PS|+ |R| ≤
|P ||S| + |R|. Furthermore, because S = PS +R, we have

|S| = |PS| + |R|

as soon as |PS| ≤ |S| and |R| ≤ |S|. It follows that condition (2.29) is equivalent
to (2.25).

(II) Assume S ≥ 0. In order to prove the equivalence of (2.25) and (2.26),
assume spr(|P |) < 1.

Suppose (2.25) is fulfilled. Since R = S − PS and |S| = |S − PS| + |PS|,
we have

|R| + |PS| = S = R+ PS ≤ R + |PS| = R+ |P |S,
which implies R ≥ 0 and P S = |P |S. Therefore we have (2.26).

Conversely, from (2.26) and S = R+ PS we have

|P ||S| + |R| = |S| = |PS +R| ≤ |PS| + |R| ≤ |P ||S| + |R|.

Hence, (2.26) implies (2.25).
(III) Assume S has no row equal to zero. We shall prove successively that

(2.26) ⇒ (2.27) ⇒ (2.28) ⇒ (2.27) ⇒ (2.26).
Assume (2.26). Since (I−|P |)S ≥ 0, we have S = (I−|P |)−1(I−|P |)S ≥ 0.

Denoting by σi the entries of SEl, we have σi =
∑

j sij > 0 (for 1 ≤ i ≤ m).
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Since (|P |−P )S = 0, we have (|P |−P )SEl = 0 and thus
∑

j (|pij | − pij)σj = 0.
Hence, P ≥ 0, and therefore we have (2.27).

Furthermore, (2.27) implies that S = (I−P )−1R = (I+P +P 2 + . . .)R ≥ 0,
so that (2.27) implies (2.28).

In order to prove that property (2.28) leads to (2.27), it is enough to show
that spr(P ) < 1. Introducing D = Diag(σ1, . . . , σm) with σi =

∑
j sij , we have

D−1PDEm = D−1PSEl = D−1(S −R)El ≤ D−1SEl = Em.

It follows that spr(P ) = spr(D−1PD) ≤ 1. Since P = I − (I + γT )−1 ≥ 0 has
no eigenvalue 1, we conclude from the Perron-Frobenius theory (see e.g. Horn
(1988, p. 503)) that spr(P ) < 1.

It is easy to see that (2.27) leads to (2.26).

Remark 2.3.3. Let γ > 0. Then condition (2.27) is equivalent to

P ≥ 0, R ≥ 0, T ≥ 0. (2.30)

In order to show this, first assume (2.27). Then I + γ T = (I − P )−1 =
I + P + P 2 + . . . ≥ I, which yields (2.30).

Next suppose that (2.30) is fulfilled. Applying the Perron-Frobenius theory
as presented e.g. in Horn (1988, p. 503), it follows that there is a vector x ∈ Rm

with 0 ≤ x �= 0, such that Px = λx where λ = spr(P ). Clearly, (I + γT )−1x =
(I − P )x = (1 − λ)x, and therefore

x = (1 − λ)(I + γT )x.

Because Tx ≥ 0, the assumption that λ ≥ 1, would lead to:

0 ≤ x = (1 − λ)x+ γ(1 − λ)Tx ≤ (1 − λ)x ≤ 0.

This would imply x = 0, which is a contradiction; therefore spr(P ) < 1. �

2.3.3 Special bounds with seminorms || · ||
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Theorem 2.3.4 (Lower bounds for μi and μij).
(I) If γ > 0 and μi are such that property (2.17) holds, then μi ≥ ∑

j |sij |
(for 1 ≤ i ≤ m).

(II) If γ > 0 and μij are such that property (2.18) holds, then μij ≥ |sij | (for
1 ≤ i ≤ m, 1 ≤ j ≤ l).

Proof. In order to prove statement (I), assume property (2.17) is valid with
γ > 0 and μi0 <

∑
j |si0j | for some index i0. Then, in the situation where

V = R, ||v|| = |v|, Fi = 0 and xj = sgn(si0j), we have∥∥∑
jsi0jxj

∥∥ ≤ μi0 · max1≤j≤l ‖xj‖ <
∑

j |si0j| =
∥∥∑

jsi0jxj

∥∥.
This yields a contradiction, so that (I) must be true.

To prove statement (II), assume property (2.18) is present with γ > 0 and
μi0j0 < |si0j0 | for some pair (i0, j0). Then, applying this property to the situ-
ation where V = R, ‖v‖ = |v|, Fi = 0, xj = sgn(si0j) (for j = j0) and xj = 0
(for j �= j0), we arrive at

‖si0j0xj0‖ ≤ μi0j0‖xj0‖ < |si0j0 | = ‖si0j0xj0‖.
This yields again a contradiction, so that statement (II) must be true.
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Theorem 2.3.5 (Simplified criteria for the special properties (2.31) and (2.32)).
Consider an arbitrary generic process (2.2), and let γ > 0. Then the following
propositions are valid:
(I) Condition (2.25) is necessary and sufficient for property (2.31) as well as

for property (2.32).
(II) If S ≥ 0, then condition (2.26) is necessary and sufficient for property

(2.31) as well as for property (2.32).
(III) If S ≥ 0 has no row equal to zero, then the classical condition (2.10) is

necessary and sufficient for property (2.31) as well as for (2.32).

Proof. Part (I) follows from a combination of Theorem 2.2.5 and Lemma 2.3.2.
Part (II) follows from part (I) and Lemma 2.3.2.
In order to prove statement (III), assume S ≥ 0 has no row equal to zero.

Combining part (II) of Theorem 2.3.5 and part (III) of Lemma 2.3.2, it follows
that property (2.31) as well as (2.32) is equivalent to condition (2.28). Because
S ≥ 0, the last condition is equivalent to the classical condition (2.10).
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2.3.4 Special bounds with general sublinear functionals
|| · ||
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Example 2.3.6. Consider the functionals ‖v‖ = ‖v‖+ and ‖v‖ = ‖v‖− defined
by

‖v‖+ = max
i
vi , ‖v‖− = −min

i
vi (2.33)

for v = (v1, v2, . . . , vM )T ∈ V = RM . These two functionals are no seminorms.
But, they are highly relevant to discrete maximum principles for actual numer-
ical processes, cf. Hundsdorfer & Verwer (2003, p. 118), Spijker (2007, p. 1235).
�

Example 2.3.7. Another useful functional which fails to be a seminorm, is
given by

‖v‖0 = −min{0, v1, . . . , vM} (2.34)

for v = (v1, v2, . . . , vM )T ∈ V = RM . For this non-negative functional we
have ||v||0 = 0 if and only if v ≥ 0, where this inequality is to be interpreted
component-wise. One sees that any boundedness property maxi ‖yi‖0 ≤ μ ·
maxj ‖xj‖0 implies the preservation-of-nonnegativity property: yi ≥ 0 (for 1 ≤
i ≤ m) whenever all xj ≥ 0. For the practical relevance of this property, e.g.
in the numerical solution of reaction-diffusion-convection equations, one may
consult e.g. Hundsdorfer & Verwer (2003). �
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||αv + βw|| ≤ α||v|| + β||w|| <��� 
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Theorem 2.3.8 (Expressions for μi and μij).
(I) If γ > 0 and μi are such that property (2.36) is present, then μi =

∑
j |sij |

(1 ≤ i ≤ m) and S ≥ 0.
(II) If γ > 0 and μij are such that property (2.37) is present, then μij = |sij |

(1 ≤ i ≤ m, 1 ≤ j ≤ l) and S ≥ 0.

Proof. (I) It follows from Theorem 2.3.4 that∑
j |sij | ≤ μi (for 1 ≤ i ≤ m). (2.38)

Applying property (2.36) to the situation where V = R, ||v|| = v, Fi(v) ≡ 0,
and choosing successively all xj = 1 and all xj = −1, we find

∑
j sij ≤ μi and

(−∑j sij) ≤ (−μi), respectively. Hence

μi =
∑

j sij (for 1 ≤ i ≤ m).

Combining this equality and (2.38), we arrive at proposition (I).
(II) It follows from Theorem 2.3.4 that∑

j |sij | ≤
∑

jμij (for 1 ≤ i ≤ m). (2.39)

Applying property (2.37) to the situation where V = R, ||v|| = v, Fi(v) ≡ 0,
we conclude that

∑
j sijxj = yi ≤

∑
j μijxj (1 ≤ i ≤ m), for all real values xj .

This implies
μij = sij (for 1 ≤ i ≤ m, 1 ≤ j ≤ l).

Combining this equality and (2.39), we arrive at proposition (II).
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Theorem 2.3.9 (Criteria for the properties (2.40) and (2.41)). Consider an
arbitrary generic process (2.2), and let γ > 0. Then the following propositions
are valid:
(I) Condition (2.27) is necessary and sufficient for property (2.40) as well as

for property (2.41).
(II) If S ≥ 0 has no row equal to zero, then the classical condition (2.10) is

necessary and sufficient for property (2.40) as well as for property (2.41).

Proof. (I) We prove necessity and sufficiency of (2.27) separately.
1 (Sufficiency). It is easy to see that property (2.41) implies (2.40). There-

fore, it is enough to prove that condition (2.27) implies (2.41). The last im-
plication can be proved by almost the same arguments as used in part 1 of
the proof of Theorem 2.2.4 in Section 2.2. Note that again the inequalities
I+γ T ≥ 0 and S ≥ 0 are needed, which follow now from: I+γ T = (I−P )−1 =
I + P + P 2 + . . . ≥ 0 and S = (I − P )−1R ≥ 0.

2 (Necessity). For proving the necessity it is enough to show that (2.40)
implies (2.27). To prove this implication, we (only) assume (2.40) to hold in
the situation where

V = R
m, ||v|| = maxk v

[k] (for v ∈ V with components v[k] (1 ≤ k ≤ m)).

We define functions Fj : V → V by

Fj(v) = τ−1
0 (−yj + zj) (for v = yj), Fj(v) = 0 (otherwise),

where yj , zj are vectors in V - to be specified below - satisfying

‖zj‖ ≤ ‖yj‖ (1 ≤ j ≤ m)). (2.42)

Clearly the functions Fj defined in this fashion satisfy the basic assumption
(2.4).

We consider the matrices P = (pij), R = (rij) (cf. (2.9)) and define the
components of xj , zj ∈ V by x

[k]
j = −1 (if rkj < 0), x[k]

j = 0 (otherwise), and

z
[k]
j = −1 (if pkj < 0), z[k]

j = 0 (otherwise). We define the vectors yi ∈ V by
yi =

∑l
j=1 rijxj +

∑m
j=1 pijzj (1 ≤ i ≤ m). A short calculation shows that xi, yi

satisfy the relations (2.2) with the functions Fj as defined above and Δt = γτ0.
We denote by ρi the sum of the absolute values of the negative entries in the

i-th row of R, and by πi the sum of the absolute values of the negative entries
in the i-th row of P . By the definition of yi, we have ||yi|| ≥ y

[i]
i = ρi + πi (1 ≤
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i ≤ m). Because ||zi|| ≤ 0, the inequalities (2.42) are in force, so that the basic
assumption (2.4) is valid.

Applying property (2.40) to the situation at hand, there follows

ρi + πi ≤ ||yi|| ≤
(∑

j |sij |
) · maxj ||xj || ≤ 0 (1 ≤ i ≤ m),

which proves P ≥ 0, R ≥ 0. The remaining inequality, spr(P ) < 1, follows e.g.
by applying Theorem 2.3.5, part (I).

(II) Let the classical condition (2.10) be fulfilled. Then (2.28) holds as well.
So, by Lemma 2.3.2, part(III), condition (2.27) is fulfilled. From part (I) (of
Theorem 2.3.9) we conclude that (2.40) and (2.41) hold.

Conversely, assume property (2.40) or (2.41). By Theorem 2.3.5, part (III),
we arrive at (2.10).
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2.3.5 Various natural questions
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Question 2.3.10. Because all of the conditions (2.26), (2.27), (2.28) and (2.10)
are more simple in appearance than condition (2.25), the question arises of
whether the last condition can be replaced by any of the first four conditions in
Lemma 2.3.2 (part (I)) or in Theorem 2.3.5 (part(I)).

To answer this question, consider the generic process (2.2) with l = 2, m = 1
and s11 = −2, s12 = 1, t11 = 1. Let γ > 0. It is easy to see that condition
(2.25) is fulfilled. Hence, the properties (2.31) and (2.32) are present. But,
we do not have R ≥ 0, so that the conditions (2.26), (2.27), (2.28) and (2.10)
are violated. Therefore, none of the last four conditions can replace condition
(2.25) in Lemma 2.3.2 (part (I)) or in Theorem 2.3.5 (part(I)). �

Question 2.3.11. Because the conditions (2.27), (2.28) and (2.10) are more
simple than (2.26), the question arises of whether condition (2.26) can be re-
placed by one of the first three conditions, in Lemma 2.3.2 (part (II)) or in
Theorem 2.3.5 (part(II)).

The following counterexample proves that such a replacement is not possible.
Consider process (2.2) with l = m = 1 and s11 = 0, t11 = −1. Let γ = 1/4. One
easily sees that condition (2.26) is fulfilled, so that the properties (2.31) and
(2.32) are present. But, we do not have P ≥ 0, so that (2.27), (2.28) and (2.10)
are violated. Therefore, none of the last three conditions can replace condition
(2.26) in Lemma 2.3.2 (part (II)) or in Theorem 2.3.5 (part(II)). �
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Question 2.3.12. Because the classical condition (2.10) is more simple than
(2.27), the question arises of whether condition (2.27) can be replaced by (2.10)
in Theorem 2.3.9 (part(I)).

The following counterexample proves that such replacement is not possible.
Consider process (2.2) with l = m = 1 and s11 = 0, t11 = −1. Let γ = 2.
One easily sees that condition (2.27) is violated, so that the properties (2.40)
and (2.41) are not present. But (2.10) is fulfilled. Therefore, condition (2.10)
cannot replace (2.27) in Theorem 2.3.9 (part(I)). �

Question 2.3.13. One may ask whether the condition S ≥ 0 can be omitted
in Theorem 2.3.5 (part(III)) or in Theorem 2.3.9 (part(II)).

To answer this question, consider process (2.2) with l = m = 1 and s11 = −1,
t11 = −1. Let γ = 2. It is easy to see that condition (2.10) is fulfilled, but not
(2.25) or (2.27). Hence, all of the special boundedness properties (2.31), (2.32),
(2.40) and (2.41) are not present. Therefore, the condition S ≥ 0 cannot be
omitted in Theorem 2.3.5 (part(III)) or in Theorem 2.3.9 (part(II)). �

Question 2.3.14. Finally, we consider the question of whether the condition
of S having no row equal to zero, can be omitted in Theorem 2.3.9 (part(II)).
A negative answer to this question easily follows from the counterexample used
above in resolving Question 2.3.12. �

2.4 Applications of the theory

2.4.1 Preliminaries
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‖v + τ0 F (v)‖ ≤ ‖v‖ (��� 
�� v ∈ V). (2.43)
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2.4.2 The two-step Adams-Bashforth method
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Proposition 2.4.1. For the two-step Adams-Bashforth method (2.46) there
exists no positive stepsize-coefficient γ for monotonicity.
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Proposition 2.4.2. For the two-step Adams-Bashforth method (2.46), the step-
size condition 0 < Δt ≤ 4

9τ0 implies boundedness with factor μ = 17/9, when-
ever V is a vector space with seminorm ‖ · ‖, and F : V → V satisfies the basic
assumption (2.43).
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Proposition 2.4.3. Consider the two-step Adams-Bashforth method (2.46) in
the situation where V = RM and || · || = || · ||0 (see (2.34)). Assume F : V → V

satisfies the basic assumption (2.43). Then the stepsize condition 0 < Δt ≤ 4
9τ0

implies that
un ≥ 0 (2 ≤ n ≤ N + 1),
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�	������	� V = R, F (v) ≡ v 
	� u0 = 1�
u1 = 0�

2.4.3 Predictor-corrector methods and hybrid multistep
methods

Notations

���	� 
	 �C���
�� ��	�
� ��������� ��� �� <.--=� 9�� 
��D
��	�� âj � b̂j � 
� 

�����
��� ��� 
	 �����
�� .--� 9�� 
��D
��	�� aj � bj � ������� �	 
 	�����

�
���
��� �� �6��

vn =
k∑

j=1

âjun−j + Δt

k∑
j=1

b̂jF (un−j) , (2.52a)

un =
k∑

j=1

ajun−j + Δt

k∑
j=1

bjF (un−j) + Δt b0F (vn) , (2.52b)

9 ��� k ≥ 1 �� �C�� 
	� n = k, k + 1, . . . , 
�� ���� ?��
 �� <!##'=� ,
�����
�I����� : +
		�� <$(('=� ,�
	� <!##(=� 8 � ��
���	� �
���� ��� � �� ��� ��

�� u0, u1, . . . , uk−1 ∈ V�
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8 ���� ��� � �� ��
���	 9� 
����� b0 > 0,
∑k

j=1 âj = 1,
∑k

j=1 aj = 1� 
�

9��� 
� ����;��
�����6� ���� 
�� ����� �� � � �E�
���	 ξk =
∑k

j=1 ajξ
k−j  
�� 


������� |ξ| ≤ 1, 
	� � � ����� 9�� |ξ| = 1 
�� �������
-�� ��� �� �6�� <!�%!= 
�� 

���� �����
���;
����
��� ��� ��� �� un 
	� vn�

�����
�����6� 
�� �	
� 
	� ��	�
���� 
����C��
���	� �� � � �������	 
� tn =
nΔt. 4� 
 �����
��� <!�%!
= 
�������	�� �� 
 ��� �� 9�� ����� �� 


��

6
k� 
	� 
 
����
��� <!�%!�= �� 
 ��� �� 9�� ����� k + 1� � �	 � � �����
���;

����
��� ��� �� <!�%!=  
� ����� k+1� 8 � ���� �����
� �
 ���� �� � �� �6��

�� ���
�	�� �6 
����	�	� � � �C���
�� 2�
��;?
� ���� 
	� �����
�� 2�
��;
-�����	 ��� ���� 
�� � � �����
���� ��	���	�� 
�����

8 � ������
� <!�%!= 

	 
��� ��
	� ��� ��;

����  6���� ��������� ��� ����

��� �	�9	 
� ������� ��	�
� ��������� ��� ���� 9 ��� vn 
����C��
��� � �
�������	 
� 
 ���	� t̄n = (n−κ)Δt� 9�� 
	 �C��
 �
�
����� κ �= 0; 
�� � � 
����
�����
�����

+� � 
�� �������	� N ≥ 1 ����� �� � � ��	��
� ��� �� <!�%!= 
� 
 ���
��� ��
�6�� <!�!=� 9��� y = [yi] ∈ Vm� m = 2N � 9�� 

yi = uk−1+i , yN+i = vk−1+i ��� 1 ≤ i ≤ N . (2.53)

0�� � � �	��� ��
��� 9� �
�� x = [xj ] ∈ Vl, l = 2k, ���	�� �6

xi =
k∑

j=i

ajuk−1+i−j + Δt

k∑
j=i

bjF (uk−1+i−j) (1 ≤ i ≤ k), (2.54a)

xi+k =
k∑

j=i

âjuk−1+i−j + Δt

k∑
j=i

b̂jF (uk−1+i−j) (1 ≤ i ≤ k). (2.54b)

8� 9���� � � ���
���	� <!�%!=� <!�%'= ���
��6�	� y1, y2, . . . , ym �	 
 
���

�
9
6� 9� ���� � � �����9�	� ���	����	�� 0�� 
	6 m × r �
���C S = (sij) 9�
��	��� �6 � � �����

� �6���� S � � 
�������	��	� ��	�
� �
� ���� V

r ��
Vm � � 
� ��� y = Sx �� yi =

∑r
j=1 sijxj ∈ V <1 ≤ i ≤ m=� .�� I �� � �

N × N ���	���6 �
���C� .�� J0 ∈ RN×k �� � � �
���C � 
� 
�	����� �� ��� ��
� � ���� N ��9� �� � � k × k ���	���6 �
���C <9 �	 1 ≤ N < k=� �� � � ����
k 
����	� �� I <9 �	 N ≥ k=� 0��� ������� ��� A0 ∈ RN×N �� � � ��9��
���
	���
� 8������� �
���C 9�� ��
��	
� �	����� 0� �	����� aj �	 � � j;� ��9��
��
��	
� (1 ≤ j ≤ min{k,N − 1}) 
	� 9�� � � ���
�	�	� �	����� 0 
�
�	�

8 � �
���
�� B0, Â0, B̂0 ∈ RN×N 
�� ���	�� ����9��� 9�� 
��D
��	�� bj , âj , b̂j
(1 ≤ j ≤ min{k,N − 1})� �����
�����6 <� � 
��D
��	� b0 ���� 	�� �	��� �	�� � �
�
���C B0=�

4� �� �
�6 �� ��� � 
� � � ���
���	� <!�%!= <��� k ≤ n ≤ k − 1 + N= 
��
�E���
��	� ��

y = Jx+ Ay + ΔtBF (y) , (2.55)
9 ��� F (y) = [F (yj)] ∈ Vm� 
	� J ∈ Rm×l� A, B ∈ Rm×m 
�� ����	 �6

J =

(
J0 0

0 J0

)
, A =

(
A0 O

Â0 O

)
, B =

(
B0 b0I

B̂0 O

)
. (2.56)
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8 � ��	���
 ���� <!�!= �� � �� ���
�	�� 9�� 
��D
��	� �
���
�� (sij) = S =
(I −A)−1J 
	� (tij) = T = (I −A)−1B�

Monotonicity for predictor-corrector methods and hybrid multistep
methods

.�� �� ���� �
�� 
 ����� ���� 
� ��
	�
�� ��	���	�
��6 9�� �����
� �� � �
��
���	� ��
���� u0, . . . , uk−1� 0�� � ��� �� �� 
�	��	��	� �� �	�����
� ǎj = aj −
γb0âj 
	� b̌j = bj − γb0b̂j <��� j = 1, . . . , k=� 8 � ���
���	� <!�%!= ����6 � 
�

un =
k∑

j=1

ǎjun−j + Δt
k∑

j=1

b̌jF (un−j) + γb0
(
vn + Δt

γ
F (vn)

)
.

?6 
����	�	� � �� �E�
���6 9�� <!�%!
=� 9� 
����� 
� � � �����9�	� � �����G ���

��� ���� 5�������� � � : 8
���� <!##$=� ,�
	� <!##(=� ������� <!##A=�

Theorem 2.4.4. Consider method (2.52) with n = k, k+ 1, . . . , k− 1 +N. Let
|| · || be a convex functional on the vector space V, and assume F : V → V

satisfies the basic assumption (2.43). Let γ > 0 be such that

âj ≥ γb̂j ≥ 0 , ǎj ≥ γb̌j ≥ 0 (j = 1, . . . , k). (2.57)

Then the stepsize restriction 0 < Δt ≤ γ · τ0 implies that

‖un‖ ≤ max
0≤j≤k−1

‖uj‖ (k ≤ n ≤ k − 1 +N). (2.58)

���� � 
�� �	��� 
 9�
� ������
������6 
��������	� 
�	�����	 <!�%A= �� 	��
�	�6 ��D
��	� ��� 
��� 	�
���
�6 ��� � � 
���� ���	� <!�%)=� ��� ������� <!##A=�

,�9����� � � ��� ��� <!�%!= 9�� 
��D
��	�� �
����6�	� 
�	�����	 <!�%A=
<9�� γ > 0= ���� 
 ��
�� 
�
��� �C
����	� �����
� �
 ����� ��� �	��
	
� ��;
�
�	�� �6 
����	�	� �C���
�� 
	� �����
�� 2�
��;�6�� ��� ��� 
� �	��

���

����� 0��� ������� �	 ���9 �� ������� ��� .--� �� ���� : ,�	��������
<!##%=� �	� 

	 �C��
� � 
� � � �������� ��E������	� Δt ≤ γ · τ0 <9�� γ ��
 
� 
� <!�%A=  ����= �
6 �� �		�
���
���6 ������
���� �� γ �� �	�6 ��E����� �� �� 

��������;
��D
��	� ��� ���	���	��� <�	 � � ��	�� �� ��
���	 !�@�$=�

?���9 9� 
���6 � � � ���6 �� ��
���	 !�' �	 
	 
	
�6��� �� � � ��� ��� <!�%!=
9 �
 �� 
��� �����
	� �	 

��� 9 ��� 
�	�����	 <!�%A= �� ����
����

Special bounds for predictor-corrector methods and hybrid multistep
methods

?���9 9� � 
�� ���� ��� ��������;
��D
��	�� ��� ���	���	��� ���	� � � �������	;
�
���	 �� <!�%!= �	 � � ��	���
 ���� <!�!= 9�� � � �
���
�� S� T ���
���� �	
��
���	 !�@�'�

0�� � �� T � � � �
���C I + γT �� �	�������� ��� 
�� γ > 0. 8� ����� � ��� 9�

�	����� � � 
����	
���� ������	�

y2i−1 = vk−1+i, y2i = uk−1+i (1 ≤ i ≤ N), (2.59)
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9 �
 6����� 
 �������	�
���	 �� �6�� <!�%%= 9�� ����
��6 ��9�� ���
	���
� �
;
���
��� �
6� A, B� 8 � 
�������	��	� �
���C T = (I − A)−1B �� 
��� ����
��6
��9�� ���
	���
�� +�� ��� �����	
� ������	�� ���� <!�%'=� 9� � ��  
�� 
 �
���C
T = V TV −1� 9 ��� V �� 
 ������
���	 �
���C� 
	� � ������� I + γT �� �	;
��������� 8� ������ ���	���	��� ������� �� 9��� �� 
�	��	��	� �� ��� � � �����	
�
������	� <!�%'=�

����������	� � � �C�������	� ��� S 
	� T <����	 
� � � �	� �� ��
���	 !�@�'=
�	�� � � ���	����	 <!�(= �� P 
	� R� 9� 
����� 
�

R = KJ , P = γKB , K = (I −A+ γB)−1 . (2.60)

?�

��� P = V PV −1� 9�� P = γT (I + γT )−1 
	� ���(P ) = 0� 9�  
�� 
���
spr(P ) = 0.

.�� Ǩ0 = (I − Ǎ0 + γB̌0)−1� Ǎ0 = A0 − γb0Â0� B̌0 = B0 − γb0B̂0� 4� 

	 ��
���	 � 
�

K =

(
I −A0 + γB0 γb0I

−Â0 + γB̂0 I

)−1

=

(
Ǩ0 −γb0Ǩ0

(Â0 − γB̂0)Ǩ0 (I −A0 + γB0)Ǩ0

)
.

8 �� �����

R =

(
Ǩ0J0 −γb0 Ǩ0J0

(Â0 − γB̂0) Ǩ0J0 (I −A0 + γB0) Ǩ0J0

)
. (2.61)

���	� � � �

� � 
� ��9�� ���
	���
� 8������� �
���
�� 
������� �� �� ���	� � 
�

P = γ

(
(B0 − γb0B̂0) Ǩ0 b0 Ǩ0(

(I −A0)B̂0 + Â0B0

)
Ǩ0 b0(Â0 − γB̂0) Ǩ0

)
. (2.62)

+�  
��

S =

(
(I −A0)−1J0 O

Â0(I −A0)−1J0 J0

)
.

?6 
�	������	� � � �����;��� � ���
�� �� R, P, S 
	� PS, |P |S �� 

	 �� ���	
� 
� 	�	� �� 
�	�����	� <!�!%=B<!�!)= �� �������� <��� 
	6 γ > 0 
	� 
�� N ≥ 1=�
,�	
�� 8 ����� !�'�% 

		�� �� 
������  ��� ����
��6 �� 
� �� 
����� 
� �������6
<!�@%= 9�� �������� γ. ,�9����� 9� � 
�� ��� ����9 � 
� 
 �������� �
	����	�
��	 ��	�
 ��� ��
��	��	�� 

	 �� ���	� �6 �����6�	� � � �
���C S 
	� 
���6�	�
8 ����� !�'�(�

.��
x̃i = xi − γb0xi+k , x̃i+k = xi+k ��� i = 1, . . . , k . (2.63)

8 �	 x = V x̃ 9�� V =

(
I γb0I

O I

)
. ?���9 9� � 
�� ��
� 9�� ���
��� <!�%%=

9�����	 �	 � � �E���
��	� ����

y = S̃x̃+ ΔtTF (y) , (2.64)
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9 ��� S̃ = (s̃ij) = (I − A)−1JV = SV � 7��	�	� R̃ = (I + γ T )−1S̃ <
�� <!�(==
9� ��� �	 ���9 �� <!�"#=

R̃ = K J V =

(
Ǩ0J0 O

(Â0 − γB̂0) Ǩ0J0 J0

)
. (2.65)

+� 	�9  
�� R̃ ≥ 0 <��� 
�� N ≥ 1= 9 �	����

P ≥ 0 (��� 
�� N ≥ 1). (2.66)

8 �� ��
�� ����
��6 �� � � �����9�	� �������

Lemma 2.4.5. Consider N consecutive steps of method (2.52) written in the
form (2.64). Let || · || be a sublinear functional on the vector space V. Assume
F : V → V satisfies the basic assumption (2.43) and γ > 0 is such that (2.66)
holds. Then the stepsize restriction 0 < Δt ≤ γ · τ0 implies that the output
vectors yi defined by (2.53) satisfy

‖yi‖ ≤ μ̃i · max
1≤j≤l

‖x̃j‖ (1 ≤ i ≤ 2N) ,

with μ̃i =
∑

j |s̃ij |.
Proof. To prove this lemma, we apply part (I) of Theorem 2.3.9 with S replaced
by S̃.

��	����� μ̃ = maxi μ̃i = ‖S̃‖∞� ���	� � � ���	����	 <!�%"= 
	� � � �C����;
���	 <!�"%=� � ��� �����9� 
���� 
 ������ 

�
��
���	 � 
�

S̃ =

(
I γb0I

Â0 I − Ǎ0

)(
S0 0

0 S0

)
,

9�� S0 = (I − A0)−1J0� +� �	� � 
� μ̃ ≤ ‖(I − A0)−1J0‖∞ · max
{
1 +

γb0, 1 +
∑k

j=1

(|âj | + |ǎj |
)}
� 7�� �� � � 
��������	 �� ����;��
�����6 9�  
��

supN≥1 ‖S0‖∞ <∞, �� � 
� μ̃ 

	 �� ���	���� �	������6 9�� �����
� �� N.
��	����� γ > 0 ��
 � 
� <!�""=  ���� 
	� ��� 0 < Δt ≤ γ · τ0� 8 �	 ����

.���
 !�@�% 
	� <!�%@=� <!�"'=� �� �����9� � 
�

‖un‖ ≤ μ̃ ·max
{ k∑

j=1

(|ǎj − γb̌j|+ |γb̌j |
)
,

k∑
j=1

(|âj − γb̂j|+ |γb̂j|
)} · max

0≤j≤k−1
‖uj‖

��� k ≤ n ≤ k − 1 + N � 9 �	���� un �� ��	��
��� ���� u0, . . . , uk−1 ∈ V �6

���6�	� ��� �� <!�%!= �	��� � � �
��
 
��������	 <!�@'=� 9 ��� || · || �� 

����	��� �	 � � ��
��� ��

� V� 8 �� 9� 
����� 
� � � �����9�	� � ������

Theorem 2.4.6. Assume γ > 0 is such that P ≥ 0 (for all N ≥ 1). Then γ
is a stepsize-coefficient for boundedness of the method (2.52) (in the sense of
Section 2.4.1).
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Results for third order explicit two-step methods of the form (2.52)

4	 � �� ��
���	 9� ����6 ��� �� <!�%!= 9�� k = 2� un ≈ u(nΔt), vn ≈
u((n − κ)Δt)� ��E����	� ����� p = 3 ��
��� ' ���� �
�
������ a1, â1, κ 
	�
� � ���
�	�	� 
��D
��	�� 

	 �� 
������� �6 � � ������
�& a2 = 1 − a1,
b0 = (4 + a1)/(6(1 − κ)(2 − κ)), b1 = (8 − 12κ − (4 − 3κ)a1)/(6(1 − κ)),
b2 = (4 − (5 − 3κ)a1)/(6(2 − κ)), â2 = 1 − â1, b̂1 = 2 − â1

2 − 2κ + κ2

2 ,

b̂2 = − â1
2 + κ− κ2

2 . 8 � ��� �� �� ����;��
��� �� 
	� �	�6 �� a1 ∈ [0, 2)�
0�� � ��� ��� ��� 9� 9��� 
������ � � �
C��
� �
���� �� γ ��
 � 
� P ≥ 0

��� N = 1, . . . , 1000G �� 9
� ������� � 
� 9�� �
���� N � � ������� ��� 	�� ��H��

	6���� 	���
�
��6�

0���� 9� ����6 � � ��� ��� 9�� κ = 0� 
�������	��	� �� � � 
�
���

�
�9�;���� �����
���;
����
��� ��� ���� 8 � ������ �� � �9	 �	 � � ���� �
	��
�� 0����� !�$� +� 	��� � 
� � ��� 
�� 	� ��� ��� �	 � �� 
�
�� ��� 9 �
 � �
��	���	�
��6 
�	�����	 <!�%A=  ���� 9�� γ > 0� 8 � �����
6�� �
���� �� γ ���
���	���	��� 9�� � ��� �����
���;
����
��� ��� ��� 
�� �
� �� ��9G � � �
C�;
�
� �
��� �� 
����C��
���6 0.36� 
�������	��	� �� a1 ≈ 0.765� â1 ≈ 1.673�
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Figure 2.1: Maximal values γ > 0 such that P ≥ 0 for the methods (2.52) with
k = 2 of order p = 3, with parameters a1 ∈ [0, 1.5] horizontally and â1 ∈ [−0.1, 1.95]
vertically. Left panel: standard predictor-corrector methods, κ = 0. Right panel:
hybrid methods with κ = 1− 1

3

√
3. Contour levels at j/20, j = 0, 1, . . .; for the ‘white’

areas, there is no positive γ.

2 	�����

� ��
�
 ����
��� � 
� �
���� �
���� �� γ 

	 �� ���	� �6 
���9�	�
κ �= 0� 8 � ��� � �
	�� �� 0����� !�$ � �9� � � �
���� �� γ 9�� κ = 1 − 1

3

√
3 .

8 � �
����� γ ≈ 0.73 �� ���	� 9�� a1 ≈ 0.392� â1 ≈ 0.667 
	� � �� γ �� �����
�
9�� �	 � � 9 ��� 
�
�� <!�%!= 9�� k = 2� p = 3�

�
� �� ��������	��6� � �� ��� �� 
��	
���� 9�� � � ��� �� ���	� �	 ���;
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3.1 Introduction

3.1.1 Monotonicity assumptions
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u′(t) = F (u(t)) (t ≥ 0) , u(0) = u0 , (3.1)

9�� F : V → V 
	� u0 ∈ V ����	� .�� ‖ · ‖ �� 
 	��� �� ����	��� �	 V� 4	
� � �����9�	� �� �� 
������ � 
� � ��� �� 
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‖v + τ0F (v)‖ ≤ ‖v‖ ��� 
�� v ∈ V. (3.2)
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��E��	��6� 9 �	 
���6�	� � � ���9
�� /���� ��� �� un = un−1 + Δt F (un−1)�
n ≥ 1� 9�� �������� Δt > 0 �� 
������ 
����C��
���	� un ≈ u(tn) 
� tn = nΔt�
9�  
��

‖un‖ ≤ ‖u0‖ (3.3)
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3.1.2 Monotonicity and boundedness for linear multistep
methods
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ajun−j + Δt
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bjF (un−j) (3.4)
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k∑
j=1

aj = 1 ,
k∑

j=1

j aj =
k∑

j=0

bj , b0 ≥ 0 . (3.5)
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c = min
1≤j≤k

aj

bj
, (3.6)

9�� 
�	��	���	 a/0 = +∞ �� a ≥ 0� 0��� <'�!= �� 

	 � �	 �� � �9	 � 
�

‖un‖ ≤ max
0≤j<k

‖uj‖ (3.7)

1Recall that ϕ : V → R is called a sublinear functional if ϕ(v + w) ≤ ϕ(v) + ϕ(w) and
ϕ(cv) = cϕ(v) for all real c ≥ 0 and v, w ∈ V. It is a seminorm if we have in addition
ϕ(−v) = ϕ(v) ≥ 0 for all v ∈ V. If it also holds that ϕ(v) = 0 only if v = 0, then ϕ is a norm.
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3.2 A numerical illustration
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Figure 3.1: Stability regions of the two-step methods (3.9) with β = 0.95 (left),
β = 1.05 (right). For comparison, the circle {ζ ∈ C : |ζ + 1| = 1} is displayed by the
dashed curve.
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��6 �������6 <'�A= 9�� 
�����
�6 ��
���	� ��
���� 
	� ����	���� ����
	�� 
���6� 4	���
� �� 
	 
�����
�6 u1 9� 
�	����� � � ���9
�� /���� ��
���	�
���
����� u1 = u0 + ΔtF (u0)� 8 � 
����	
���	 �� � � �9�;���� ��� ��� 9�� 
���9
�� /���� �
6 ���� 
 �
 ��� ��� 9 �
 � � ��	���	�
��6 �������6 <'�'= ��
�
����

-�	���	�
��6 
	� ���	���	��� ���������� 
�� �� ������
	
� ��� ��������
9�� 	�	;����� �������	�� ��
 >7/ �������� ����	 
���� ���� 
�	����
���	
�
9� 9�� � �
�� �� 
���
���	 ����	
��� *7/� 9�� ����� ��
���	��� 
���� ����;

��� ��
��
� ���
�����
���	�

2 ������ �������
���	 �� �������� �6 � � �	�;����	���	
� ��	�
� 
���
���	
�E�
���	

∂
∂tu(x, t) + ∂

∂xu(x, t) = 0 ��� t > 0 
	� 0 < x < 1

9�� �������
 ���	�
�6 
�	�����	�� 8 � �	���
� ������ �� 
 ���	 
� 
 ���
�;
��	
���	& u(x, 0) = 1 �� 0.4 ≤ x ≤ 0.6� 
	� u(x, 0) = 0 �� ��9���� 8 � ��
��
�
���
�����
���	 �� �
��	 �	 
 �	����� ���� 9�� ��� 9��� Δx = 1/200� ���	�

 ��
	�
�� J�C;������� �
 ��� B � � ��;

���� ����	 ������� B ����	� 
 ����;
���
���� �6���� �� >7/� ��� 9 �
 � � ��	���	�
��6 
��������	 <'�!= �� �
������
��� τ0 = 1

2Δx �	 � � �
C���� 	��� 
	� � � ���
� �
��
���	 ����	���G ��� ���
�	��
	
� ,�	�������� : 1��9�� <!##'� ��
�� 444�$=�

�����E��	��6� � � �������	� 	�	��	�
� ����;���
���� �6���� �� �	����
��� �	
���� 9�� � � 
���� �9� ��� ��� 
	� ����
	� 	����� Δt/Δx �E�
� �� 1/3�
8 � ���� 
����C��
���	 u1 �� 
������� �6 � � ���9
�� /���� ��� ���
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Figure 3.2: Numerical solutions at T = 1 and T = 2 for the two-step methods
(3.9) with β = 1.05 (dashed), β = 0.95 (solid lines).
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Figure 3.3: Values of ‖uN‖TV (left) and ‖uN‖∞ (right) for T = 1, 2, . . . , 5 and the
two-step methods (3.9) with β = 1.05 (dashed), β = 0.95 (solid lines).

8 � 	�����

� �������	� ��� � � �9� �
 ���� 
�� � �9	 �	 0����� '�!� 9�� 
��
��
� 
����	�	� x  �����	�
��6� ��� � � ������ ����� t = T 9�� T = 1, 2�
8 � �� 
����� �� � � �9� �
 ���� �� ���	 �� �� ���6 ��H���	�� + ���
� 9� ���

 	�
� ��	���	�
 �� 
����� ��� β = 1.05� � � �
 ��� 9�� β = 0.95 �����
��
�
��� ��
���
���	��

8 � ��
���
���	� 9�� β = 0.95 ��
��� ���� 
	� ���� ���	��	
�� ��� �	;

��
��	� ����� 8 � ��������	 �� � � ���
� �
��
���	 
	� �
C���� 	��� �� uN

<N = T/Δt= �� � �9	 �	 0����� '�'� ����
��	� 
	 �C��	�	��
� ���9� � >	 � �
�� ��  
	�� ��� � � �
 ��� 9�� β = 1.05 � ��� �
���� 
�� 
�	��
	�& ‖uN‖TV = 2�
‖uN‖∞ = 1� 2 �����
� �� 
����� 

	 
��� �� �������� �� T ��  ��� �C��� �
6
T = 1� 
	� � � Δt,Δx 
�� ��
��
��� 9 ��� �����	� � � ����
	� 	����� Δt/Δx
�C��� 2��
��	��6 � � ���	���	��� �������6 <'�)= �� 	�� �
������  ��� ��� � �
�
 ��� 9�� β = 0.95�

+�� � � ������� �� � �� 
 
���� � � ��H���	� �� 
����� �� � ��� �9� 
�����6
���
��� �
 ���� 

	 �� �C��
�	��� 2� 9� 9��� ��� �	 ��
���	 '�"�$� �� �
����6 � �
���	���	��� �������6 <'�)= �� � � ��	���	�
��6 �������6 <'�'= 9�� ���9
��
/���� ��
���	� ���
������ � � ��� �� 9�� β = 1.05 
���9� ��
 �
���� ���������
� 
	 � � ��� �� 9�� β = 0.95�
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3.3 Notations and input-output formulations

3.3.1 Some notations

0�� 
	6 ����	 m ≥ 1 9� 9��� ��	��� �6 e1, e2, . . . , em � � �	�� �
��� ��
����
�	 Rm� � 
� ��� � � j;� �����	� �� ei �E�
�� �	� �� i = j 
	� ���� �� ��9����
0��� ������� e = e1 + e2 + · · · + em �� � � ��
��� �	 Rm 9�� 
�� 
����	�	��
�E�
� �� �	�� 8 � m×m ���	���6 �
���C �� ��	���� �6 I� 4� �� �� 	�
���
�6 ��

���
��6 � � ����	���	 9� 9��� ��� � � 	��
���	� e
[m]
j , e[m] 
	� I [m] ��� � ��� �	��

��
���� 
	� � � ���	���6 �
���C I�
.�� E = [e2, . . . , em, 0] �� � � m×m �

�9
�� � ��� �
���C�

E =

⎛⎜⎜⎜⎜⎝
0

1 0
� � �

� � �

1 0

⎞⎟⎟⎟⎟⎠ ∈ R
m×m, (3.10)


	� ���	�

A =
k∑

j=1

ajE
j , B =

k∑
j=0

bjE
j , (3.11)

9 ��� E0 = I� 8 ��� A,B ∈ Rm×m 
�� ��9�� ���
	���
� 8������� �
���
��

�	�
�	�	� � � 
��D
��	�� �� � � ��� �� <'�@=� 0�� m ≥ k 9� 
��� �	�����
�
J = [e1, . . . , ek] ∈ R

m×k� 
�	�
�	�	� � � ���� k 
����	� �� � � ���	���6 �
���C
I� 8� �
�� � � 	��
���	� ����	� ��� 
	6 m ≥ 1� 9� ���	� J = [e1, . . . , em, O]
��� 1 ≤ m < k� 9�� O ���	� � � m× (k −m) ���� �
���C�

0�� 
	6 m × l �
���C K = (κij) 9� ��	��� �6 � � �����

� �6���� K � �

���
�
��� ��	�
� �
���	� ���� Vl �� Vm� � 
� ��� y = Kx ��� y = [yi] ∈ Vm�

x = [xi] ∈ Vl �� yi =
∑l

j=1 κijxj ∈ V <1 ≤ i ≤ m=� <4	 

�� V = RM 9�� 

M ≥ 1� � �	 K �� � � ���	�
��� �����
� �� K 9�� I [M ]�= 0��� ������� � �
m× l �
���C 9�� �	����� |κij | 9��� �� ��	���� �6 |K|� 
	� 9� ���	� ‖K‖∞ =
maxi

∑
j |κij |�

4	�E�
������ ��� ��
���� �� �
���
�� 
�� �� �� �	�������� 
����	�	�;9����
4	 �
���
��
�� 9� 9��� ��� � � 	��
���	 K ≥ 0 9 �	 
�� �	����� κij �� � �� �
���C

�� 	�		��
�����

3.3.2 Formulations with input vectors

4	 ����� �� 
���6 � � � ���6 ���
�	�� �	 � 
���� $� 9� 9��� ������
�� � �
��������� �
 ��� <'�@= �	 ����� �� �	��� 
	� ������ ��
����� 8 � output vectors
�� � � �
 ��� 
�� yn = uk−1+n� n ≥ 1� 8 � ��
���	� �
���� u0, u1, . . . , uk−1 9���
�	��� � � �
 ��� �	 � � ���� k ����� �	 � � 
����	
���	�

xl =
k∑

j=l

ajuk−1+l−j + Δt

k∑
j=l

bjF (uk−1+l−j) (1 ≤ l ≤ k) . (3.12)
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8 � ��������� �
 ��� <'�@= � �	 

	 �� 9�����	 
�

yn = xn +
n−1∑
j=1

ajyn−j + Δt

n−1∑
j=0

bjF (yn−j) (1 ≤ n ≤ k) , (3.13a)

yn =
k∑

j=1

ajyn−j + Δt

k∑
j=0

bjF (yn−j) (n > k) , (3.13b)

9 ��� � � ��
���	� �
���� 
�� 
�	�
�	�� 9�� �	 � � ����
� ����� �	 � � ���� k
������ +� 9��� ����� �� � � ��
���� x1, . . . , xk ∈ V 
� � � input vectors ��� � �
�
 ����

8� ���
�	 
 
�	��	��	� 	��
���	� 9� 
�	����� m ����� �� � � ���������
�
 ���� m ≥ 1� ��
��	� �� <'�$'= 9�� n = 1, 2, . . . ,m� .�� y = [yi] ∈ Vm�
x = [xi] ∈ Vk� 
	� ���	� F (y) = [F (yi)] ∈ Vm� +� 

	 	�9 9���� � � �������	�
�
 ��� �	 
 
���

� 9
6 
�

y = Jx+ Ay + ΔtBF (y) . (3.14)

8� ����6 ���	���	���� � � 	����� �� ����� m �� 
���9�� �� �� 
�����
���6
�
���� ��	������ ��� ����	 ��
��� ��

� V 
	� ����	��� ‖ · ‖� � � ���	���	���
�������6

max
1≤n≤m

||yn|| ≤ μ · max
1≤j≤k

||xj || whenever (3.2) is valid, Δt ≤ γτ0,
and x, y satisfy (3.14), m ≥ 1,

(3.15)

9�� 
 �������� 
��D
��	� γ > 0 
	� ���	���	��� �

��� μ ≥ 1� ���� � 
� � ��
�������6 �	������ 
�� F : V → V ��� 9 �
 � � ��	���	�
��6 
��������	 <'�!= ��
�
������� 
� 9��� 
� 
�� x, y �
����6�	� <'�$@= 
	� m ≥ 1� 8 ������� γ 
	� μ 9���
not ����	� �	 
 �
���
��
� ������� <'�$= �	��� 
�	�����
���	�

2 
�	��	��	� ���� �� ������ ������� �	 ���	���	��� �� ���
�	�� �6 �����;
��6�	� ���
���	 <'�$@= �6 (I − A + γB)−1 9�� γ > 0� 8 �� 6�����

y = Rx+ P
(
y + Δt

γ F (y)
)
, (3.16)

9 ��� R = (rij) ∈ Rm×k 
	� P = (pij) ∈ Rm×m 
�� ����	 �6

R = (I −A+ γB)−1J , P = (I −A+ γB)−1γB . (3.17)

���� � 
� I −A+ γB �� �	�������� ��� 
	6 γ > 0� ��

��� b0 ≥ 0� 
	� � �������
<'�$"= �� ����� �E���
��	� �� <'�$@=� 8 � �
���C P �� 
�
�	 
 ��9�� ���
	���
�
8������� �
���C� 
	� ��  
� � � �	��6 π0 = γb0/(1+γb0) ∈ [0, 1) �	 � � ��
��	
��
8 � ���
��
� �
���� ���(|P |) �� � � �
���C |P | = (|pij |) 
��� �E�
�� π0� 
	�
��

��� � �� �� ���� � 
	 �	� �� �����9� � 
� (I − |P |)−1 =

∑∞
j=0 |P |j � +� � ��

 
��
���(|P |) < 1 , (I − |P |)−1 ≥ 0 . (3.18)
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3.3.3 Application of a general result on boundedness

8� ���
�	 ���	���	��� ������� ��� � � ��������� ��� ��� 9� 9��� ��� 
 ��	��
�
������ ���� � 
���� $� 8 � 
�		�
���	 9�� � � 	��
���	 ���� �	 � 
� 
 
����
�� ���
���� �� �6 9����	� <'�$@= �	 � � ����

y = Sx+ ΔtTF (y) (3.19)

9�� S ∈ Rm×k 
	� T ∈ Rm×m ���	�� �6

S = (I −A)−1J , T = (I −A)−1B . (3.20)

+� 	��� � 
� � � �
���C I + γT = (I − A)−1(I − A + γB) �� �	��������
��� γ > 0� 
	� R = (I + γT )−1S� P = (I + γT )−1γT � 0��� ������� � �

�	�����	
6 
�	�����	� �	 <'�%= ����6 � 
� � � ��	�
� ��������� ��� �� �� �C

�
��� ����;������ ���6	���
� �������	�& �� uj = α + β · jΔt (0 ≤ j < k) 
	�
F (u) ≡ β� � �	 un = α + β · nΔt ��� 
�� n ≥ k� ��	
� yn = uk−1+n <n ≥ 1= �	
<'�$(=� �� �����9� �6 �
�6�	� α, β ∈ R � 
�

eT
j S �= 0 ��� 
�� j , (3.21a)

(ei − ej)T [S T ] �= 0 �� i �= j , (3.21b)

9 ��� [S T ] �� � � m × (k+m) �
���C 9 ��� ���� k 
����	� �E�
� � ��� ��
S 
	� 9 ��� �
�� m 
����	� 
�� �E�
� �� � ��� �� T � 2����

���	 �� 8 ��;
��� $�!�@� �
�� <��= �	 � 
���� $ 	�9 6����� � � �����9�	� ������&

Theorem 3.3.1. Consider a linear multistep method (3.4) satisfying (3.5).
Then, for any seminorm ‖ · ‖ on V, the boundedness property (3.15) is valid
provided that

‖(I − |P |)−1|R| ‖∞ ≤ μ for all m. (3.22)

Moreover, condition (3.22) is necessary for (3.15) to be valid for the class of
spaces V = RM , M ≥ 1, with the maximum norm.

4	 � � 
���� ������� �����	� 	�
�����6 �� <'�!!= �� �6 �
� � � ���� ��D
���
�
��� 
	� ��� � 
� �
�� � � 
�	�����	� <'�!$= 
�� �����
	�� � �9�	� ��D
��	
6
�� ��
 �
����� 
	� 9� 9��� ����
� � � �
�	 
�����	��  ���� 0�� � �� ��������
	��� � 
� ��� 
	6 ����	��� ‖ · ‖� ���
���	 <'�$"= �������

‖yi‖ ≤
k∑

j=1

|rij | ‖xj‖ +
m∑

j=1

|pij | ‖yj‖ (1 ≤ i ≤ m)

9 �	���� <'�!= �� �
������ 
	� Δt ≤ γτ0� �����	� η = (ηi) ∈ Rm� ξ = (ξj) ∈ Rk

9�� ηi = ‖yi‖ 
	� ξj = ‖xj‖� 9� � �� ���
�	
η ≤ |R| ξ + |P | η ,

9 ��� |R| = (|rij |)� |P | = (|pij |)� ��	
� (I − |P |)−1 ≥ 0� �� �����9� � 
�

η ≤ (I − |P |)−1|R| ξ ,
���� 9 �
 �� �� ���	 ����
��6 � 
� <'�!!= ������� <'�$%=�
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3.4 Boundedness and monotonicity results

4	 � �� ��
���	 
�	�����	� 
�� ����	 ��� ���	���	��� 
	� ��	���	�
��6 �� ��	�
�
��������� ��� ���� 4� 9��� 
�9
6� �� 
������ � 
� <'�%= �� �
�������

8� ������
�� � � ������� 9� 9��� ��� ���� ��
	�
�� 
�	
���� ��� ��	�
� ���;
������ ��� ���� 9 �
 

	 �� ���	� �	 ?��
 �� <!##'=� ,
����� �I����� : +
	;
	�� <$(('=� ��� �C
����� 8 � stability region �� � � ��	�
� ��������� ��� ��
�� ��	���� �6 S� 
	� ��� �	������ �6 �	�(S)� 4� 0 ∈ S � � ��� �� �� �
�� ��
�� zero-stable� 8 � ��� �� �� 

���� irreducible �� � � ��	��
��	� ���6	���
��
ρ(ζ) = ζk −∑k

j=1 ajζ
k−j 
	� σ(ζ) =

∑k
j=0 bjζ

k−j  
�� 	� 
����	 �

����

3.4.1 Boundedness with respect to the input vectors

0���� 9� 
�	����� � � ���	���	��� �������6 <'�$%= 9�� μ > 0 
�����
�6� ����	�
���	���	��� 9�� �����
� �� � � �	��� ��
���� x1, . . . , xk ���	�� �6 <'�$!=� 2�
9� 9��� ���� � �� 

	 �� ��	��� �� ���� ��	�
� ��
�����6 ���������� �� � � ��� ��

	� 	�	;	��
�����6 �� � � �
���
�� P � R� 4� �� ������
	� �� 	��� � 
� � ���
m×m �
���
�� ����	� �C���
���6 �	 γ� 
	� 9� 
�� �	�������� �	 m 
�����
���6
�
����

0�� 
 ����	 ��	�
� ��������� ��� �� 
	� ����	 γ > 0 9� 
�	����� � � �����9;
�	� �9� ��
����	��&{

there is a μ > 0 such that the boundedness property (3.15)
is valid for all V = RM , M ≥ 1, with maximum norm ‖·‖∞ ; (3.23){
there is a μ > 0 such that the boundedness property (3.15)
is valid for any vector space V and seminorm ‖ · ‖ . (3.24)

8 � 	�C� � ����� �������� 	�
���
�6 
	� ��D
��	� 
�	�����	� ��� � ��� ��
��;
��	��� 8 � ����� �� � � � ����� 9��� �� ����	 �	 ��
���	 '�%�

Theorem 3.4.1. Consider an irreducible, zero-stable linear multistep method,
and let γ > 0. Then each of the statements (3.23) and (3.24) is equivalent to

−γ ∈ int(S) , P ≥ 0 (for all m) . (3.25)
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there is a μ > 0 such that the boundedness property (3.15)
is valid for any vector space V and nonnegative sublinear
functional ‖ · ‖ .

(3.26)
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Theorem 3.4.2. Suppose the linear multistep method is zero-stable, γ > 0 and

R ≥ 0 , P ≥ 0 (for all m) . (3.27)

Then statement (3.26) holds.
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3.4.2 Boundedness with respect to the starting vectors
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max
k≤n<k+m

||un|| ≤ μ̃ · max
0≤j<k

||uj|| whenever (3.2) is valid, Δt ≤ γ τ0,
and (3.4) holds for k≤n<k +m,
m ≥ 1.

(3.28)

4� ‖ · ‖ �� 
 ����	���� �� �� �
���6 ���	 ���� <'�!= 
	� <'�$!= � 
�

‖xi‖ ≤
k∑

j=1

(|aj − γbj| + γ|bj|
) · max

0≤l<k
‖ul‖
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Lemma 3.4.3. Suppose ‖ · ‖ is a seminorm on a vector space V, and let γ > 0.
Then (3.15) holds with some μ > 0 if and only if (3.28) holds with some μ̃ > 0.
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3.4.3 Monotonicity with starting procedures
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x = R0 u0 + P0

(
w + Δt

γ F (w)
)

(3.29)
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Theorem 3.4.4. Let ‖·‖ be a sublinear functional on a vector space V. Suppose
(3.29) holds with ‖wj‖ ≤ ‖u0‖ (1 ≤ j ≤ m0), y ∈ Vm satisfies (3.14), and

RR0 ≥ 0 , R P0 ≥ 0 , P ≥ 0 . (3.30)

Then ‖yi‖ ≤ ‖u0‖ for 1 ≤ i ≤ m whenever (3.2) is valid and Δt ≤ γτ0.

Proof. From (3.16) we obtain

y = R R0u0 + R P0

(
w + Δt

γ F (w)
)

+ P
(
y + Δt

γ F (y)
)
.

Setting η = (ηi) ∈ Rm, ηi = ‖yi‖, it follows that

η ≤ (
RR0 +RP0 ē

)‖u0‖ + P η ,
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with unit vector ē = e[m0] ∈ Rm0 . For the special case F ≡ 0, all wj , yi will be
equal to u0, from which it is seen that e = RR01 +RP0ē+ Pe. Consequently

(I − P ) η ≤ (I − P ) e · ‖u0‖ ,

and since (I − P )−1 ≥ 0 we obtain η ≤ e · ‖u0‖.
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Example 3.4.5. Consider a two-step method, and let cj = aj − γbj (j = 1, 2).
Then

x =

(
c2 c1

0 c2

)(
u0

u1

)
+ γ

(
b2 b1

0 b2

)⎛⎝ u0 + 1
γ Δt F (u0)

u1 + 1
γ Δt F (u1)

⎞⎠ . (3.31)

Suppose u1 is computed by the θ-method, u1 = u0 + Δt(1 − θ)F (u0) +
ΔtθF (u1). This can be written as

u1 = r0u0 + q0

(
u0 + Δt

γ F (u0)
)

+ q1

(
u1 + Δt

γ F (u1)
)

(3.32)

with r0 = (1+θγ)−1(1−(1−θ)γ), q0 = (1+θγ)−1(1−θ)γ, and q1 = (1+θγ)−1θγ.
This leads to (3.29) with

R0 =

(
c2+c1r0
c2r0

)
, P0 =

(
c1q0+γb2 c1q1+γb1
c2q0 c2q1+γb2

)
, (3.33)

and w = (u0, u1)T ∈ V2. Of course, if the multistep method is explicit we will
take θ = 0, in which case r0 = 1 − γ, q0 = γ and q1 = 0.

Another natural starting procedure for explicit methods is the explicit trape-
zoidal rule (also known as the modified Euler method)

ū1 = u0 + Δt F (u0) , u1 = u0 + 1
2
Δt F (u0) + 1

2
Δt F (ū1) .
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Here we get

u1 = r0u0 + q0

(
u0 + Δt

γ F (u0)
)

+ q1

(
ū1 + Δt

γ F (ū1)
)

(3.34)

with r0 = 1 − γ + 1
2γ

2, q0 = 1
2γ(1 − γ) and q1 = 1

2γ. This gives

R0 =

(
c2+c1r0
c2r0

)
, P0 =

(
c1q0+γb2 c1q1 γb1

c2q0 c2q1 γb2

)
, (3.35)

and w = (u0, ū1, u1)T ∈ V3. �

3.5 Technical derivations and proofs

3.5.1 Recursions for the coefficients of P and R

+� ���� �
�� 
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� � � ��9�� ���
	���
� m×m 8������� �
���
��

(I −A+ γB)−1 =
∑
j≥0

ρjE
j , (3.36)

P = (I −A+ γB)−1γB =
∑
j≥0

πjE
j , (3.37)
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ajρn−j − γ

k∑
j=0

bjρn−j + δn0 (n ≥ 0) , (3.38)
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πn = γ

k∑
j=0

bjρn−j (n ≥ 0) . (3.39)
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��	�� ρn, πn 
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� ��������� ��� �� 
������ �� � � �

�
� �E�
���	

u′(t) = λu(t) with Δt λ = −γ . (3.40)

Lemma 3.5.1. If −γ ∈ S then max0≤n<∞ |ρn| < ∞. Furthermore, if the
method is irreducible and −γ ∈ int(S), then there is a κ > 0 and θ ∈ (0, 1) such
that |ρn| ≤ κ θn for all n ≥ 0.
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Proof. From (3.38) we see that the coefficients ρn are obtained by applying
the linear multistep method to (3.40). If −γ ∈ S this recursion is stable, and
therefore the |ρn| are bounded uniformly in n.

The characteristic roots of the recursion (3.38) are given by algebraic func-
tions of γ. If the method is irreducible these functions are not (locally) constant.
It follows that for any −γ ∈ int(S) there is a θ ∈ (0, 1) such that the maximum
modulus of the characteristic roots is less than θ; see Crouzeix & Raviart (1980,
Thm. I.4.2). Writing the solution of (3.38) in terms of these characteristic roots
thus provides the proof.

Corollary 3.5.2. Suppose the method is irreducible and −γ ∈ int(S). Then∑∞
j=0 πj = 1.

Proof. We have
∑m−1

j=0 πj = eT
mPe = eT

m

(
I − (I − A + γB)−1(I − A)

)
e. Let

v = (I − A)e. Then only the first k components vj are nonzero. Consequently
we obtain for m ≥ k

eT
mPe = 1 − (ρm−1, . . . , ρ1, ρ0) v = 1 −∑k

j=1 ρm−jvj .

The proof now follows from the previous lemma.
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Example 3.5.3. For explicit methods we have

ρ0 = 1 , ρ1 = a1 − γb1 , ρ2 = a2
1 + a2 − γ(2a1b1 + b2) + γ2b21 ,

π0 = 0 , π1 = γb1 , π2 = γ(a1b1 + b2) − γ2b21 .

It is clear that the inequality P ≥ 0 (for all m) with some γ > 0 requires
b1 ≥ 0 and a1b1 + b2 ≥ 0. These two inequalities were mentioned already in
Hundsdorfer & Ruuth (2006), but now it is seen that these are really needed
for boundedness. �

3.5.2 Proofs of Theorems 3.4.1, 3.4.2
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Sufficiency of (3.25) in Theorem 3.4.1
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Necessity of (3.25) in Theorem 3.4.1

8� �	�� � � ����� �� 8 ����� '�@�$ ��  
� �� �� � �9	 � 
� ��� 
	 ������
�����
����;��
��� ��� �� � � 
�	�����	� P ≥ 0 
	� −γ ∈ int(S) 
�� 	�
���
�6 ���
<'�!'=�

2	6 
����

���	 �� ��� �� <'�@= �� � � �

�
�� 
�����C ���� �E�
���	 u′(t) =
λu(t) 9�� λ = α + iβ 
	� ��
� α, β� 

	 �� ��������
��� 
� 
	 
����

���	 ��
u′(t) = F (u(t)) �	 V = R2 9�� F (v) = (αv1 −βv2, βv1 +αv2) ��� v = (v1, v2) ∈
V� � ����	� λ ∈ D = {α + iβ : −2 ≤ α ≤ 0, |β| ≤ min(2 + α,−α)}� 9�  
��
<'�!= 9�� τ0 = 1� V = R2 
	� ‖ · ‖ = ‖ · ‖∞� ���	� .���
 '�@�'� �� � �� �����9�
� 
� �������6 <'�$%= ������� γ · D ⊂ S� 8 �������� �� γ > 0� � �	 −γ ∈ int(S) ��

���
�	�6 	�
���
�6 ��� <'�!'=�

2�����	� −γ ∈ int(S)� �� ���
�	� �� � �9 � 
� P ≥ 0 �� 	�
���
�6 ���
<'�!!=� .�� �� 9���� 
� ������ P =

∑
j≥0 πjE

j 9�� 
��D
��	�� πj ∈ R� ?�

���

−γ ∈ int(S) 9� �	�9 �6 ������
�6 '�%�! � 
�
∑∞

j=0 πj = 1� +� 

	 9���� <'�!!=

�

(I − |P |)−1|R| ē ≤ μ e <��� 
�� m= ,

9 ��� ē = e[k] ∈ Rk 
	� e = e[m] ∈ Rm�
������� ���� πj 
�� 	��
����� 8 �	 � ��� �� 
	 l ≥ 1 9�� 

∑l
j=0 |πj | > 1�

��	����� 	�9 m > l� 
	� ���

D =
l∑

j=0

δjE
j 9�� δj = |πj | ��� 0 ≤ j ≤ l .

+�  
�� |R| ē ≥ (
eT
1 |R| ē

)
e1 = (1 + γb0)−1e1� 0��� ������

(I − |P |)−1 − (I −D)−1 = (I − |P |)−1(|P | −D)(I −D)−1 ≥ 0 ,


	� � ������� (I − |P |)−1e1 ≥ (I −D)−1e1� ��	��E��	��6� <'�!!= ������� (I −
D)−1e1 ≤ μ̃e ��� 
�� m ≥ l + 1 9�� μ̃ = (1 + γb0)μ� ���� � 
� (I − D)−1 ��

�
�	 
 ��9�� ���
	���
� 8������� �
���C� 
	� � ������� 9� 
���  
��

(I −D)−1ei ≤ μ̃ e <��� 
�� m ≥ l+ 1 
	� 1 ≤ i ≤ l= � (3.41)
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8 � ���	�� <'�@$= 
�� ���
��� �� ��
�����6 �� � � ��
�����	

ηn =
l∑

j=0

δjηn−j <��� n ≥ l= (3.42)

9�� ��
���	� �
���� η0, . . . , ηl−1 ∈ R� 0�� ����	 η0, . . . , ηl−1 � � �������	 ��� m

����� �� � �� ��
�����	 

	 �� 9�����	 
� (I −D)−1ξ 9 ��� ξ =
∑l

i=1 ξiei ∈ Rm


����
�� � � ��
���	� �
���� �	 � � ���� �� ����
� ����� �	 � � ���� l ������
8 �������� <'�@$= ������� ��
�����6 �� � � ��
�����	 <'�@!=� ,�9����� � �� l;����
��
�����	  
� 
 
�

�������
 ���6	���
�

d(ζ) = ζl −
l∑

j=0

δjζ
l−j .

��	
� δ0 = γb0/(1 + γb0) 
	�
∑l

j=0 δj > 1� 9�  
�� d(1) < 0 ��� d(ζ) > 0 ���
ζ � 1� ,�	
� � ��� �� 
 ���� �
���� � 
	 �	�� 9 �
 
�	��
��
�� ��
�����6 �� � �
��
�����	�

��	��E��	��6�  
��	� ���� 	��
���� �	����� �	 P ������� � 
� <'�!!= �� not
�
������� 2

����	� �� 8 ����� '�'�$� 
��� <'�!'= �� � �	 	�� �
������� 9 �
 

�������� � � ����� �� 8 ����� '�@�$�

Sufficiency of (3.27) in Theorem 3.4.2

.�� ‖·‖ �� 
	 
�����
�6 �����	�
� ��	
���	
�� 4� P,R ≥ 0 � �	 S = (I−P )−1R ≥
0� -�������� 


����	� �� <'�$)=� 9� 
���  
��  
�� ���(|P |) < 1� 2�����	�
<'�!= 
	� Δt ≤ γτ0� �� �����9� ���� 8 ����� '�( �	 � 
���� ! � 
�

‖yi‖ ≤ μi · max
1≤j≤k

‖xj‖ (1 ≤ i ≤ m) (3.43)

9�� μi =
∑k

j=1 σi−j � 9 ��� σl = 0 �� l < 0� 4� � � ��� �� �� ����;��
���� � �	
μ = sup1≤i<∞ μi < ∞� 0�� 	�		��
���� �����	�
� ��	
���	
�� � � �������6
<'�$%= � �	 �����9��

Remark 3.5.4. Replacement of the μi in (3.43) by μ = supi μi is not allowed for
arbitrary sublinear functionals. Boundedness properties for arbitrary sublinear
functionals should therefore not be expressed with (3.15). Theorem 3.4.2 has
therefore been formulated for nonnegative sublinear functionals only.

Necessary and sufficient conditions for boundedness with the form (3.43) for
arbitrary sublinear functionals are given in Chapter 2. However, as noted before,
this will not lead to results in terms of the natural starting values u0, . . . , uk−1,
and therefore this will not be pursued here. �

3.5.3 Conditions for R ≥ 0 and P ≥ 0 with two-step meth-
ods

0�� � � 

�� k = 2 9� 

	 ������
�� 	�
���
�6 
	� ��D
��	� 
�	�����	� ���
 
��	� R ≥ 0 �� P ≥ 0 <��� 
�� m ≥ 1= �6 9����	� ��9	 �C���
���6 � � �������	�
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����	
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���	� <'�')=� <'�'(= ��� � � 
��D
��	�� ρn 
	� πn �	 �����
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�������
 ���6	���
� �� � � ��
�����	 <'�')=� 8 � �����
;
���	� 
�� �
� �� ��
 	�

� 
	� 	�� ���6 ����
��	�� 8 ������� 9� �	�6 �����	� � �
�������  ���� 9�� ��� � � ���� �����
���	�

��� 
����� k = 2� 
	� ��� cj = (1+γb0)−1(aj−γbj) ��� j = 1, 2� �����	� ρi =
0 ��� i < 0 
	� ρ0 = (1 + γb0)−1� � � 
��D
��	�� ρn 
�� ����	 �6 � � ��
�����	
ρn = c1ρn−1 + c2ρn−2 ��� n ≥ 1� 0��� ������ πn = γb0ρn + γb1ρn−1 + γb2ρn−2

��� n ≥ 0� 8 ��� 
��D
��	�� 
��� �
����6 � � ��
�����	 πn = c1πn−1 + c2πn−2

��� n ≥ 3�
?6 �����	� � � ��
�����	 �	 ����� �� � � 
 
�

�������
 ����� θ± = 1

2
c1 ±

1
2

√
c 2
1 + 4c2� � ����6 
�	������	� � � 

��� �� ��
� �� 
�����C 
 
�

�������


����� ���
�
���6� �� �����9� �6 ���� 
�����
���	� � 
� R ≥ 0 <��� 
�� m= �� 
	�
�	�6 ��

c1 ≥ 0 , c 2
1 + 4c2 ≥ 0 . (3.44)

+� 	��� � 
� �	��� 
�	�����	 <'�@@= � � 
 
�

�������
 ����� 
�� ��
� 
	� θ+ ≥
|θ−|�

8 � 
�	�����	� ��� P ≥ 0 

	 �� ������� �	 
 �����
� 9
6� 0�� ������
����
��� ��� �� 

	 � �	 �� � �9	 B �6 �
� �� ������� 

�
��
���	� B � 
� 9�  
��
P ≥ 0 <��� 
�� m= �� 
	� �	�6 �� <'�@@=  ���� ����� �� 9�� 

b0c1+b1 ≥ 0 , b0(c21+c2)+b1c1+b2 ≥ 0 , b0θ
2+b1θ+b2 ≥ 0 , (3.45)

9 ��� θ = 1
2c1 + 1

2

√
c 2
1 + 4c2� 8 � ���� �9� �	�E�
������ �	 <'�@%= ���� ��
	

� 
� π1, π2 ≥ 0�

Remark 3.5.5. For any irreducible linear two-step method it is seen from the
above that R ≥ 0 is a necessary condition for P ≥ 0 (for all m). To show that
irreducibility is essential for this, consider an explicit two-step method with
a1 +a2 = 1, b0 = 0, b1 = 1 and b2 = a2. Here we find that ρ(ζ) = (ζ−1)(ζ+a2)
and σ(ζ) = ζ + a2, so ζ = −a2 is a common root of the ρ and σ polynomials.

We have

(I −A+ γB)−1 = (I − (1 − γ)E)−1(I + a2E)−1 .

We see from (3.44) that R ≥ 0 iff γ ≤ a1 = 1 − a2. However, when calculating
P the common factor drops out, resulting in

P = (I − (1 − γ)E)−1γE ,

and therefore P ≥ 0 iff γ ≤ 1. Consequently, if a1 < 1, then P ≥ 0 does not
imply R ≥ 0 for these reducible methods. �

3.5.4 Remark on the construction in Hundsdorfer & Ru-
uth (2006) and Hundsdorfer, Ruuth & Spiteri (2003)

-�������

���	 �� <'�$@= 9�� 
 8������� �
���C K =
∑

j≥0 κjE
j �����

y = R̃ x+
(
P̃ − γQ̃

)
y + γQ̃

(
y + Δt

γ F (y)
)
,
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9 ��� R̃ = KJ � P̃ = I −K(I −A) 
	� Q̃ = KB� 8
��	� κ0 = (1 + γb0)−1� 9�
 
�� spr(P̃ ) = |1 − κ0| < 1� 4� K ≥ 0 �� ��
 � 
� P̃ ≥ γQ̃ ≥ 0� � �	 9� ���
�	

� ������

η ≤ (I − P̃ )−1R̃ e · max
i

‖xi‖ = (I −A)−1J e · max
i

‖xi‖ ,

9 ��� η = (ηi) ∈ Rm 9�� ηi = ‖yi‖�
?
��

��6 B �	 ����9 
� ��������� ����B � �� �� 9 
� 9
� ���� �	 ,�	��;

������� ���� : ������� <!##'= ��� k = 2 
	� �	 ,�	�������� : ���� <!##"=
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����� ��� 
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���� �	��C l� � 
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��� j ≥ l� �����E��	��6� κ1, . . . , κl, θ ≥ 0 9��� �������	�� <�6 
	 �������
���	

���= �� 6���� 
	 �����
� γ ��
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��E��	
� 9
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κj = κ0θ

j � j ≥ 0�
8 � �����	� 
����
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�6 ��� ���	���;
	���� 4� �� ���
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� ��� �
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C��
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���� ���
γ ���� �� �� � � �
��� 4	 � �� �����
�� 	��� � 
� �� 9� �
�� K = (I−A+γB)−1

� �	 K ≥ 0� P̃ ≥ γQ̃ ≥ 0 �� �E���
��	� �� P,R ≥ 0�
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j=0 bjθ
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	6 
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3.6.1 Explicit linear two-step methods of order one

��	����� � � 
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	 �
�� a1� b1 
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�
������� 
	� ��� a2 = 1−a1�
b2 = 2−a1−b1� 8 � ��� ��� 
�� ����;��
��� ��� 0 ≤ a1 < 2� 4	 

�� b1 = 2− 1

2a1
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Figure 3.4: Explicit two-step methods of order one, with parameters a1 ∈ [0, 2)
horizontally and b1 ∈ [− 1

4
, 9

4
], b1 �= 1, vertically. Left panel: threshold γ > 0 for

boundedness. Right panel: threshold γ > 0 for monotonicity with forward Euler
starting procedure. Contour levels at j/20, j = 0, 1, . . .; for the ‘white’ areas there is
no positive γ.
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3.6.2 Implicit linear two-step methods of order two

.���9��� 9� 
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Figure 3.5: Implicit two-step methods of order two, with parameters a1 ∈ [0, 2)
horizontally and b0 ∈ [0, 5

4
], b0 �= 1

2
, vertically. Left panel: thresholds γ > 0 for

boundedness. Right panel: thresholds γ > 0 for monotonicity with the θ-method,
θ = b0, as starting procedure. Contour levels at j/10, j = 0, 1, . . .; for the ‘white’
areas there is no positive γ.
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3.6.3 Explicit linear three-step methods of order three
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�� � ���;���� ��� ��� �� ����� � ��� 

	 �� ���
����� 9�� 
a1� a3 
� ���� �
�
������� 
	� � �	 a2 = 1 − a1 − a3� b1 = 1

12 (28 − 5a1 − a3)�
b2 = − 8

12 (1 + a1 − a3)� b3 = 1
12 (4 + a1 + 5a3)� 4	���
���	 � �9� � 
� � ���
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Figure 3.6: Explicit three-step methods of order three, with parameters a1 ∈ [0, 3]
horizontally and a3 ∈ [−1, 1] vertically. Left panel: threshold γ > 0 for boundedness,
that is, P ≥ 0 and −γ ∈ int(S). Right panel: maximal γ > 0 such that P ≥ 0 and
R ≥ 0. Contour levels at j/20, j = 0, 1, . . .; for the ‘white’ areas there is no positive
γ.
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3.6.4 Explicit linear four-step methods of order four
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24 (9a1 + 8a2 + 9a3)� b3 = 1
6 (5

2a1 + 2a2 +
9
2a3 + 16a4 − 18b4)� b2 = 1

2 (−a1 + 3a3 + 8a4 − 4b3 − 6b4)� b1 = a1 + 2a2 + 3a3 +
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Figure 3.7: Explicit four-step methods of order four, with parameters described
above. Left panel: threshold γ > 0 for boundedness. Contour levels at j/20, j =
0, 1, . . .; for the ‘white’ areas there is no positive γ. Right panel: log10 of the absolute
error constants for zero-stable methods. Markers: ◦ for AB4, + for EBDF4 and × for
TVB(4,4).
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Chapter 4

Comparison of Boundedness and
Monotonicity Properties of
One-Leg and Linear Multistep
Methods
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4.1 Introduction

4.1.1 The ODE systems and basic assumptions

+� 
�	����� ��	��
� �6����� �� ����	
�6 ��H���	��
� �E�
���	� <>7/�= �	 

��
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� V �	 � � ���� �	����
� [0,∞) 9�� ����	 �	���
� �
���� 9�����	 
�

u′(t) = F (u(t)) , u(0) = u0 , (4.1)

9�� u0 ∈ V 
	� F : V → V� 4	 � � �����9�	� 9� 9��� �
�� � � �����9�	� �
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�	��
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‖v + τ0F (v)‖ ≤ ‖v‖ ��� 
�� v ∈ V, (4.2)
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 nonnegative sublinear functional �� ϕ(v + w) ≤ ϕ(v) + ϕ(w) 
	�
ϕ(cv) = cϕ(v) ≥ 0 ��� 
�� ��
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	� v, w ∈ V� 4� �� 
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4.1.2 Linear multistep and one-leg methods

4	 � � �����9�	� 9� 9��� 
�	����� �	�;��� 
	� ��	�
� ��������� ��� ��� ��� �	��	�
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����C��
���	� un ≈ u(tn) 
� � � ���� ���	�� tn = nΔt� n ≥ 1� 4� ��
�������� � 
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���	� ��
���� u0, u1, . . . , uk−1 ∈ V 
�� �	�9	�

2 linear multistep method 
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un =
k∑

j=1

ajun−j + Δt

k∑
j=0

bjF (un−j) (4.3)

��� n ≥ k� 8 � �
�
������ aj� bj 
	� k ∈ N ���	� � � ��� ��� 2��	� 9�� 
� �� ��	�
� ��������� ��� ��� 9� 
��� 
�	����� � � 
�������	��	� k-step one-leg
method

un =
k∑

j=1

ajun−j + ΔtβF (vn) , vn =
k∑

j=0

b̂jun−j (4.4)

��� n ≥ k� 9 ��� b̂j = bj/β 
	� β =
∑k

j=0 bj �= 0. 4� b0 = 0 � ��� ���������
��� ��� 
�� 

���� explicit� 
	� �� b0 �= 0 � �6 
�� 

���� implicit�



4.1. Introduction 107

4� 9��� �� 
������ � ���� ��� � �� 
 
���� � 
�

k∑
j=1

aj = 1 ,
k∑

j=1
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4.1.3 Scope of the chapter
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Theorem 4.2.1. Assume I + γT is not singular, and spr(|P |) < 1. Then, for
any vector space V with seminorm ‖ ·‖, the boundedness property (4.14) is valid
provided that

‖(I − |P |)−1|R| ‖∞ ≤ μ for all m. (4.15)

Moreover, if (4.11) holds, then the condition (4.15) is necessary for (4.14) to
be valid for the class of spaces V = RM , M ≥ 1, with the maximum norm.
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Monotonicity with starting procedures
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� ��� ‖wj‖ ≤ ‖u0‖ (1 ≤ j ≤ m0) 9 �	���� <@�!= �� �
���� Δt ≤ γ τ0� ��� 
	6
��
��� ��

� V 
	� 
�	��C ��	
���	
� ‖ · ‖�

8 � 
���� ��	��;����
 ��
���	� ���
����� 9��� ���� 
	 �	��� ��
��� �� � �
����

x = S0u0 + ΔtT0F (w) (4.18)

9�� S0 ∈ Rk×1� T0 ∈ Rk×m0 � 8 � ���
� �
 ���� 
�	�����	� �� � � ���������
��� �� 
	� ��
���	� ���
����� 

	 � ������� �� 9�����	 
�⎧⎨⎩ w = e0 u0 + ΔtK0F (w) ,

y = SS0u0 + ΔtS T0F (w) + ΔtTF (y) .
(4.19)

0�� � � ��������� ��� ���� 9�� ��� �� aj �E�
� �� �	�� � � ������ ��
����
yi 9��� �� 
�	�����	� 
����C��
���	� �� u(tn) ��� ���� n ≥ 0� ?6 
�	������	�
F ≡ 0 �� � �	 �����9� � 
�

S S0 = e , (4.20)

9 ��� e = (1, 1, . . . , 1)T ∈ R
m� 8 �������� ��� 
	6 �C�� m� � � ���
� �
 ���

<@�$(= �� � �	 ���� 
	 (m0Om);��
�� ��	��;����
 ��� ��� 9�� 
	 (m0Om)×
(m0Om) 
��D
��	� �
���C

K =

(
K0 O

S T0 T

)
. (4.21)

8� ���
�	 ��	���	�
��6 ������� 9� ���������� γ(v + Δt
γ F (v)) − γv ��� � �

����� ΔtF (v) �	 <@�$(=� 8 �� ������ 
���� 
 ������ �
	����
���	�⎧⎨⎩ w = (I + γK0)−1e0 u0 + (I + γK0)−1γK0

(
w + Δt

γ F (w)
)
,

y = R R0u0 + R P0

(
w + Δt

γ F (w)
)

+ P
(
y + Δt

γ F (y)
)
,

(4.22)
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9�� �
���
�� R,P 
� ������ 
	�

R0 = S0 − γT0(I + γK0)−1e0 , P0 = γT0(I + γK0)−1 . (4.23)

8 ��� �C�������	� 
���� �	 
 	
���
� 9
6 �6 9����	� x = R0u0+P0

(
w+Δt

γ F (w)
)
�

����� �� 9�� ���
���	 <@�$!=�
+� 9��� 
�	������ ��� m 
�����
���6 �
���� 
	� 
 ����	 ��
��� ��

� V 9�� 


�	��C ��	
���	
� ‖ · ‖� � � �����9�	� ��	���	�
��6 �������6 9�� �������� 
���;
�
��	� γ > 0�{

max
1≤n≤m

||yn|| ≤ ||u0|| whenever (4.2) is valid, Δt ≤ γ τ0, and
x, y satisfy (4.10),(4.16), (4.18), m ≥ 1.

(4.24)

2� 9� 9��� ��� 	�C�� � �� �6�� �� ��	���	�
��6 �� � � ��������� ��� ��� 9�� 
��
���	� ���
������ 9���  ��� �	��� � � 
�	�����	

RR0 ≥ 0 , R P0 ≥ 0 , P ≥ 0 (��� 
�� m ≥ 1) , (4.25)

9 ��� R,P 
�� ���	�� �6 <@�$'=� 8 � �����9�	� ������ �� �����
� �� 8 ��;
��� '�@�@ �� � 
���� '� 9 ��� ��D
��	
6 �� 
�	�����	 <@�!%= 9
� �����	 ���
	�		��
���� �����	�
� ��	
���	
���

Theorem 4.2.2. Assume I+γT is not singular, spr(|P |) < 1, and the starting
procedure is such that (4.17) holds. Let ‖ · ‖ be a convex functional on a vector
space V. Then (4.25) implies the monotonicity property (4.24). Moreover, if
all rows of the matrix K in (4.21) are different from each other, then (4.25)
is also necessary for this monotonicity property to hold for the class of spaces
V = R

M , M ≥ 1, with the maximum norm.

Proof. Assume (4.17). Let η = (ηi) ∈ Rm with ηi = ‖yi‖. Since we have
‖wj + Δt

γ F (wj)‖ ≤ ‖wj‖ ≤ ‖u0‖ for 1 ≤ j ≤ m0, it follows from the second
equality in (4.22) that

η ≤ RR0 · ‖u0‖ + RP0 e0 · ‖u0‖ + P η .

In case F ≡ 0, all vectors wj , yi will be equal to u0, from which it is seen that
e = RR01 +RP0e0 + Pe. Therefore,

(I − P )η ≤ (I − P ) e · ‖u0‖ .
Since spr(P ) < 1, we have (I−P )−1 =

∑
j≥0 P

j ≥ 0, and therefore η ≤ e ·‖u0‖,
that is, ‖yi‖ ≤ ‖u0‖ for 1 ≤ i ≤ m.

If all rows of K are different from each other, the necessity of (4.25) follows
from Spijker (2007), by considering (4.22) for fixedm as a step of a Runge-Kutta
method with coefficient matrix K.

?�

��� <@�!!=  
� � � ���� �� 
 ��	��;����
 ��� ��� ��D
��	
6 �� <@�!%=

���� B �	 ���	
���� B 
���  
�� ���	 ������� ���� � � ������� �	 0���

�	
 :
������� <!##%=� ,�����
� <!##%=� 4� � � 
��D
��	� �
���C K �	 <@�!$=  
� ����
���	��

� ��9�� � �� ��	��;����
 ��� �� �� ����
���� <�	 � � ��	�� �� �������=�
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4.3 Formulations of the multistep methods

4	 ����� �� 
���6 � � 
���� ������� �	 ���	���	��� 
	� ��	���	�
��6 9� 9���
������
�� � � ��������� ��� ��� <@�'= 
	� <@�@= �	 ����� �� �	��� 
	� ������
��
����� �����
� 
� �	 � 
���� '�

2� ������� e1, e2, . . . , em ��
	� ��� � � �	�� �
��� ��
���� �	 Rm� 
	� I �� � �
m × m ���	���6 �
���C� 0��� ��� E = [e2, . . . , em, 0] 9��� ��	��� � � m × m
�

�9
�� � ��� �
���C� � 
� ��� 
�� �	����� �� E 
�� ���� �C
��� � � �	����� �	
� � ���� ��9�� ��
��	
�� 9 �
 
�� 1�

.�� A,B ∈ R
m×m �� ���	�� �6

A =
k∑

j=1

ajE
j , B =

k∑
j=0

bjE
j , (4.26)

9 ��� E0 = I� 8 ��� 
�� ��9�� ���
	���
� 8������� �
���
��� 9�� 
��D
��	�� aj �
bj �	 � � j;� ��9�� ��
��	
�� 0�� m ≥ k 9� 
��� �	�����
� J = [e1, . . . , ek] ∈
R

m×k� 
�	�
�	�	� � � ���� k 
����	� �� � � ���	���6 �
���C I� 8� �
�� � �
	��
���	� ����	� ��� 
	6 m ≥ 1� 9� ���	� J = [e1, . . . , em, O] ��� 1 ≤ m < k�
9�� O ���	� � � m× (k−m) ���� �
���C� 0�	
��6� A0, B0 ∈ Rk×k 
�� ����	 �6

A0 =

⎛⎜⎜⎜⎜⎝
ak · · · a2 a1

ak a2

� � �
���

ak

⎞⎟⎟⎟⎟⎠ , B0 =

⎛⎜⎜⎜⎜⎝
bk · · · b2 b1

bk b2
� � �

���

bk

⎞⎟⎟⎟⎟⎠ . (4.27)

4.3.1 Formulations of linear multistep methods with input
vectors

8 � ������ ��
���� �� � � ��	�
� ��������� �
 ��� <@�'= 
�� yn = uk−1+n� n ≥ 1�
8 � ��
���	� �
���� u0, u1, . . . , uk−1 9��� �	��� � � �
 ��� �	 � � ���� k ����� �	
� � 
����	
���	�

xl =
k∑

j=l

ajuk−1+l−j + Δt

k∑
j=l

bjF (uk−1+l−j) ��� 1 ≤ l ≤ k . (4.28)

8 � ��������� �
 ��� <@�'= � �	 

	 �� 9�����	 
�

yn = xn +
n−1∑
j=1

ajyn−j + Δt

n−1∑
j=0

bjF (yn−j) ��� 1 ≤ n ≤ k , (4.29a)

yn =
k∑

j=1

ajyn−j + Δt

k∑
j=0

bjF (yn−j) ��� n > k , (4.29b)

9 ��� � � ��
���	� �
���� 
�� 
�	�
�	�� 9�� �	 � � ����
� ����� �	 � � ���� k
������ 8 � ��
���� x1, . . . , xk ∈ V 
�� � � �	��� ��
���� ��� � � �
 ����
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��	����� m ����� �� � � ��������� �
 ���� m ≥ k� ��
��	� �� <@�!(= 9�� 
n = 1, 2, . . . ,m� 8 � �������	� �
 ��� 

	 �� 9�����	 
�

y = Jx+ Ay + ΔtBF (y) . (4.30)

���
��6 � �� �� �� � � ���� <@�$#= 9�� 

S = (I −A)−1J , T = (I −A)−1B , (4.31)

9 �
 ����� <@�$!= 9�� 

R = (I −A+ γB)−1J , P = (I −A+ γB)−1γB . (4.32)

4� 9� 
�	����� � � ������� <@�$= 9�� F ≡ β 
	� �������	 u(t) = α+βt� � �	
�C

� ��
���	� �
���� uj = u(tj) <0 ≤ j < k= 9��� ���� un = u(tn) <��� 
�� n ≥ k=
��

��� �� 
�	�����	
6 �� � � ��� ���� 0��� � �� �� �� �
���6 ���	 � 
� <@�$$=
 ����� 
	� � ������� � � �
 ��� �� ������
���� <�	 � � ��	�� �� �������=� 4� � ����
�� ���
���� � 
� � �� �� 	�� ����
��6 ���
��� �� � � 7
 �E���� ������
������6

�	�����	 <@�%�= ��� � � ��������� ��� ����

8 � �
���C I − A + γB �� �	�������� ��� 
	6 γ > 0� ��

��� b0 ≥ 0� 8 �
�
���C P �� 
�
�	 
 ��9�� ���
	���
� 8������� �
���C� 
	� ��  
� � � �	��6
π0 = γb0/(1 + γb0) ∈ [0, 1) �	 � � �
�	 ��
��	
�� 8 � ���
��
� �
���� ���(|P |)
�� � � �
���C |P | �� � ������� ���� � 
	 �	��

8 � 
��D
��	�� �� � � �
���
�� R 
	� P 
�� �
���6 ���	� ��
�������6� .��
ρj = 0 ��� j < 0� 4� 9� ��� (I−A+γB)−1 =

∑
n≥0 ρnE

n 
	� P =
∑

n≥0 πnE
n�

� �	 � ��� 8������� 
��D
��	�� ρn, πn 
�� ����	 �6 ρ0 = 1/(1 + γb0) 
	�

ρn =
k∑

j=1

ajρn−j − γ
k∑

j=0

bjρn−j ��� n ≥ 1 , (4.33a)

πn = γ
k∑

j=0

bjρn−j ��� n ≥ 0 . (4.33b)

2	 �	�E�
���6 �� � � �6�� Rv ≥ 0 ��� 
�� m ≥ 1� 9�� 
 ��
��� v = (v1, . . . , vk)T �

�� 	�9 �E���
��	� ��  
��	�
∑k

j=1 vjρn−j ≥ 0 ��� 
�� n ≥ 1�

4.3.2 Formulation of one-leg methods with input vectors

8� ������ ������� ��� �	�;��� ��� ���� 9� 9��� ���
��� �	 
 �����
� 9
6� ���	�

	 �	���;������ ������
���	� 8� �����	���� � � 
����	� ��
���� 
	� 
���
�
���
�
���
�� ��� � � �	�;��� ��� ��� ���� � ��� �� � � ��	�
� ��������� ��� ����
9� 9��� ��� � � ����� �
� �6���� ��� � � �	�;��� ��
���� 
	� �
���
��� 4	
�
���
��
�� � � �
���
�� S, T,R, P 9��� �� 
� �	 <@�'$= 
	� <@�'!= ��� � � ��	�
�
��������� ��� ���� 
	� � � 
�������	��	� �
���
�� ��� � � �	�;��� ��� ��� 9���
�� ��	���� �6 S̄� T̄ � R̄ 
	� P̄ � .���9���� �	 � � ��	���
 ���� <@�(=� <@�$#= � �
����	���	� m, k 9��� 	�9 ��
� m̄ 
	� k̄�
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��	����� m ����� �� � � �	�;��� ��� �� <@�@=� 
	� ��� ȳ = [ȳi] ∈ Vm̄� m̄ =
2m� 9�� 

ȳi = uk−1+i , ȳm+i = vk−1+i ��� 1 ≤ i ≤ m. (4.34)

2� �	��� 9�  
�� x̄ = [x̄j ] ∈ Vk̄� k̄ = 2k� 9�� 

x̄i =
k∑

j=i

ajuk−1+i−j , x̄i+k =
k∑

j=i

b̂juk−1+i−j i = 1, . . . , k . (4.35)

.�� J ∈ Rm×k 
	� A,B ∈ Rm×m �� 
� ������� 8 �	 � � m ����� �� � �
�	�;��� ��� �� 

	 �� 9�����	 
�

ȳ = J̄ x̄+ Āȳ + ΔtB̄F (ȳ) , (4.36)

9 ��� J̄ ∈ Rm̄×k̄ 
	� Ā, B̄ ∈ Rm̄×m̄ 
�� ����	 �6

J̄ =

(
J 0

0 J

)
, Ā =

(
A O
1
βB O

)
, B̄ =

(
O βI

O O

)
, (4.37)

9�� ���� �
���
�� O ∈ Rm×m 
	� � ∈ Rm×k� +� 

	 ��9���� <@�'"= �	 � �
�����9�	� ����� 
���
�
��� �� <@�$#=�

ȳ = S̄x̄+ Δt T̄ F (ȳ) (4.38)

9�� S̄ ∈ Rm̄×k̄ 
	� T̄ ∈ Rm̄×m̄ ���	�� �6

S̄ = (Ī − Ā)−1J̄ , T̄ = (Ī − Ā)−1B̄ , (4.39)

9�� m̄ × m̄ ���	���6 �
���C Ī� +����	� ��� � ��� �
���
��� �	 ����� �� S =
(I −A)−1J 
	� T = (I −A)−1B� �����

S̄ =

(
S 0

1
βBS J

)
, T̄ =

(
O β(I −A)−1

O T

)
. (4.40)

8 �� 

	 �� ���� �� ��9�����	� ��� �C
���� 9�� BS = TJ �
4� � ��� �� �	�6 �	� �	��C j� 0 ≤ j ≤ k� 9�� bj �= 0� � �	 � � �	�;��� ��� ��

�� � � �
�� 
� � � ��	�
� ��������� ��� ��� 0�� ��	��	� �	�;��� ��� ���� 9�� 
bj �= 0 ��� 
� ��
�� �9� �	��
�� j� �� 9��� 	�9 �� � �9	 � 
� � � �
 ��� ��
������
���� <�	 � � ��	�� �� �������=�

Lemma 4.3.1. Suppose bj �= 0 for two or more indices 0 ≤ j ≤ k. Then all
rows of [S̄ T̄ ] are different from each other.

Proof. The un, vn are consistent approximations to u(tn), u(t̄n), respectively,
with t̄n =

∑k
j=0 b̂jtn−j . Using the same arguments as for the linear multistep

methods, it follows that the first m rows of [S̄ T̄ ] are different from each other,
and the same holds for the last m rows.
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It remains to show that none of the first m rows can be equal to any of the
last m rows. For this it is sufficient to show that the m× (m+ k) matrices

C1 =
(
0 β(I −A)−1

)
and C2 = (J T )

have no common rows. Because of the entry J in C2, it is clear that the first k
rows of C2 cannot coincide with any of the rows of C1.

Since the lower triangular Toeplitz matrices B and I −A commute, we also
have T = B(I − A)−1. Equal rows of β(I − A)−1 and T can therefore only
happen if βeT

i (I − A)−1 = eT
j B(I − A)−1 with i ≥ j. But then βeT

i = eT
j B,

which implies that either i, j ≤ k or that only the coefficient bi−j is not zero.
Consequently, if the matrices C1 and C2 have common rows, then there is

only one index j, 0 ≤ j ≤ k, with bj �= 0.

2� ��� � � ��	�
� ��������� ��� ���� �� �����9� ���� 
�	�����	
6 �� � � �	�;���
��� �� � 
� S̄  
� 	� ���� ��9�� 8 � 
�	�����	� <@�$$= 
�� � ������� ��������
9�� � � �
���
�� S̄, T̄ �	���
� �� S, T � �������� � � �	�;��� ��� �� �� 	�� 

��	�
� ��������� ��� ���

��	
� I + γT �� �	�������� ��� 
	6 γ > 0� � � �
��  ���� ��� I + γT̄ � 0���
<@�'"= 9� � ������� ���
�	 � � ��
	������� ����� 
���
�
��� �� <@�$!=�

ȳ = R̄x̄+ P̄
(
ȳ + Δt

γ
F (ȳ)

)
, (4.41)

9 ��� R̄ ∈ R
m̄×k̄ 
	� P̄ ∈ R

m̄×m̄ 
�� ����	 �6

R̄ = (Ī − Ā+ γB̄)−1J̄ , P̄ = (Ī − Ā+ γB̄)−1γB̄ . (4.42)

8 ��� �
���
�� R̄ 
	� P̄ �	 <@�@!= ��� � � �	�;��� ��� �� 9��� �� �C�������
�	 ����� �� � � m ×m �
���
�� R 
	� P ��� � � ��	�
� ��������� ��� ��� 
�
����	 �6 <@�'!=� .�� ��  ��� ��	��� L = (I −A+ γB)−1� 8 �	 �� �� ���	� � 
�

(Ī − Ā+ γB̄)−1 =

(
I −A βγI

− 1
βB I

)−1

=

(
L −βγL

1
βBL (I −A)L

)
.

8 � ���
�� 
�	���� �� �����
�� �� 8������� �
���
�� � 
� 
������� ��	
� LJ =
R� �� �����9� � 
�

R̄ =

(
R −βγR

1
βBR (I −A)R

)
, P̄ =

(
O βγL

O P

)
. (4.43)

���� � 
� ��	
� ���(|P |) < 1� 9� 
���  
�� ���(|P̄ |) < 1� 0��� ������ 9� ���
� 
� P̄ ≥ 0 �H P ≥ 0 
	� R ≥ 0�
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4	 � �� ��
���	 
�	�����	� 
�� ����	 ��� ���	���	��� �� � � ��������� ��� ���
<@�'= 
	� <@�@=� 4� 9��� 
�9
6� �� 
������ � 
� <@�%= �� �
������� 0��� �������
�	 � �� ��
���	� ���	���	��� �� �	�������� �	 � � � � ��	�� �� �������6 <@�$@=
��� 
	6 ����	���� 9�� ���� μ ≥ 1� 
	� 9�� yi, xj ,m, k ����

�� �6 ȳi, x̄j , m̄

	� k̄� �����
�����6� ��� � � �	�;��� ��� ����
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�� � � ������� 9� 9��� ��� ���� ��
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� ��
�����6 
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����
��� ��������� ��� ���� 
� ����	 �	 ?��
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����� �I����� : +
		��
<$(('=� ,
���� : +
		�� <$(("= ��� �	��
	
�� +� ��	��� � � stability region ��
� � ��� ��� �6 S� 
	� ��� �	������ �6 �	�(S)� 4� 0 ∈ S � � ��� �� �� �
�� �� ��
zero-stable�

4� 9
� � �9	 �	 � 
���� ' � 
� ��� 
 ����;��
��� ��	�
� ��������� ��� ��
�
����6�	� <@�%=� � � 
�	�����	

−γ ∈ int(S) , P ≥ 0 <��� 
�� m= . (4.44)
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	� ��D
��	� ��� � � ���	���	��� �������6 <@�$@= ��  ��� 9�� 
���� μ ≥ 1�

2� 9� 9��� ���� � � �
�� ������ �� �
��� ��� � � �	�;��� ��� ���� 8 �� 
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� �9	 ���	� ���
���	� ���9��	 
 ��	�
� ��������� ��� �� 
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�������	��	�
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		�� <$(("=� 4� ��

��� �������� �� ����� � �� ���� 8 ����� @�!�$� 9 �
 9��� �� ��	�  ����

0�� � ��� 9� 
�	����� � � �
���C

M̄ = (Ī − |P̄ |)−1|R̄| =

(
M11 M12

M21 M22

)
. (4.45)

���	� � � �

� � 
� (I − A)R = (I − P )J 
	� BR = 1
γPJ � �� �����9� �6 ����



�
��
���	� � 
� � � ���
�� Mij ∈ Rm×k 

	 �� 9�����	 
�⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

M11 = (I − |P |)−1|R| ,
M12 = βγ

(
(I − |P |)−1|I − P | + I

) |R| ,
M21 = 1

βγ
(I − |P |)−1|P | J ,

M22 = (I − |P |)−1|I − P | J .

(4.46)
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���
�� R 
	�

(I − |P |)−1J = (I −A+ γB)S
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�� 
��� ���	��� �	������6 �	m� ���	� � � ���
���	� (I−P )−1P = (I−P )−1−I

	� (I − P )−1|I − P | ≤ (I − P )−1(I + P )� �� �����9� � 
� � � �
C���� 	����
�� 
�� � � ���
�� Mij �	 <@�@"= 
�� ���	��� �	������6 �	 m�

4	 
�	
�����	� 9�  
�� � � �����9�	� ������ �	 ���	���	��� ��� ��� ���������
��� ��� <@�'= 
	� <@�@=�

Theorem 4.4.1. Consider a one-leg or linear multistep method, satisfying
(4.5). Assume the method is zero-stable, and let γ > 0. Then there is a μ ≥ 1
such that the boundedness property (4.14) is valid for any vectorspace V and
seminorm ‖ · ‖ if and only if condition (4.44) holds.

8 � 
���� ������� 9�� �E�
� �������� 
��D
��	�� ��� 
 �	�;��� ��� �� 
	�
��� ��	�
� ��������� 
��	����
��� ��  
���6 ��������	�� ����	 � � 
���� 
�		�
���	
���9��	 �	�;��� ��� ��� 
	� ��	�
� ��������� ��� ���� +� 9��� ����  �9�����
� 
� � � 
���9
��� ��������� ��� �	�;��� 
	� ��	�
� ��������� ��� ��� 

	 ��
���6 ��H���	� �� 9� ��E���� ��	���	�
��6 9�� ��
���	� ���
�������

8 � ���	���	��� �������6 <@�$@= �� �C������� �	 ����� �� � � �	��� ��
����
xj � ,�9����� 9�� ����	���� � �� �� �
���6 ��
	��
��� �	�� ���	���	��� 9�� 
�����
� �� � � ��
���	� �
���� u0, . . . , uk−1 
� �	 <@�"=� 
	� ����9��� ��������6G
��� 
��� ��
���	 '�@�! �� � 
���� '�

Remark 4.4.2. As observed before, we have P̄ ≥ 0 iff P ≥ 0 and R ≥ 0. This
is slightly stronger than having only P ≥ 0. As a consequence, boundedness of
the one-leg method does not require P̄ ≥ 0. �

4.5 Monotonicity with starting procedures

4.5.1 Linear multistep methods with starting procedures

��	����� � � ��	��;����
 ��
���	� ���
����� <@�$"=� �����
�	� � � ��
��� w =
[wi] ∈ Vm0 � .�� J0 ∈ Rk×m0 �� � � �
���C� 9�� 
����	� e1, . . . , ek ∈ Rk

�	���
���� �6 ���� 
����	�� 9 �
 ����
�� � ��� 
����	�	�� wi � 
� 
�������	�
�� 
 ��
���	� �
��� uj �� � � ��������� ��� ��� � 
� ���

J0w = (u0, . . . , uk−1)T , J0F (w) = (F (u0), . . . , F (uk−1))T .

0��� ��� ��� A0, B0 �� 
� �	 <@�!A=� 8 �	 �� �����9� ���� <@�!)= � 
�

x = A0J0w + ΔtB0J0F (w) . (4.47)

8 �� ����� � � �������	�
���	 x = S0u0 +ΔtT0F (w)� 
� �	 <@�$)=� 9�� �
���
��
S0 ∈ Rk×1� T0 ∈ Rk×m0 ����	 �6

S0 = A0J0e0 , T0 = A0J0K0 +B0J0 . (4.48)

8� ���
�	 ��	���	�
��6 �������� � � �
 ��� �� 	�9 9�����	 �	 � � ���� <@�!!=
9�� �
���
�� R,P ����	 �6 <@�'!= 
	� 9�� R0 ∈ Rk×1� P0 ∈ Rk×m0 ����	 �6

R0 = A0J0e0 − P0e0 , P0 = γ(A0J0K0 +B0J0)(I + γK0)−1 . (4.49)
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8 ��� �
���
�� R0, P0 

	 �� ���� �� ��9�����	 
�

R0 = (A0 − γB0)J0(I + γK0)−1e0 , (4.50a)

P0 = (A0 − γB0)J0(I + γK0)−1γK0 + γB0J0 . (4.50b)

��	��E��	��6� � � 
�	�����	� <@�!%= ��� ��	���	�
��6 �� � � ���
� �
 ��� 
��&⎧⎪⎪⎪⎨⎪⎪⎪⎩
P ≥ 0 ,

R (A0 − γB0)J0(I + γK0)−1e0 ≥ 0 ,

R
(
(A0 − γB0)J0(I + γK0)−1γK0 + γB0J0

) ≥ 0 .

(4.51)

8 � ���� �	�E�
���6� P ≥ 0� �� � � ����	��
� 
�	�����	 ��� ���	���	��� �� � �
��	�
� ��������� ��� ���

4.5.2 One-leg methods with starting procedures

2� ��� � � ��	�
� ��������� ��� ���� 9� 	�9 
�	����� � � ������
� � 
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��
���
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 ��
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����� �� ���� ��� 
 �	�;��� ��� ��� 4�
�� 
������� 
� ������� � 
� � �� ��
���	� ���
����� �� �� � � ���� w = e0u0 +
ΔtK0F (w) 
	� J0w = (u0, . . . , uk−1)T � 0��� <@�'%= �� �� � �	 ���	 � 
�

x̄ =

(
A0

1
β B0

)
J0w =

(
A0

1
β B0

)
J0

(
e0u0 + ΔtK0F (w)

)
.

8 �� 

	 �� 9�����	 
�

x̄ = S̄0u0 + ΔtT̄0F (w) , (4.52)

9�� 

S̄0 =

(
A0

1
βB0

)
J0e0 , T̄0 =

(
A0

1
βB0

)
J0K0 . (4.53)

2� ������� ��� 
	6 �C�� 	����� �� ����� m� � � ���
� �
 ��� �� 
	 (m0Om̄);
��
�� ��	��;����
 ��� ��� m̄ = 2m� 9�� 
	 (m0Om̄) × (m0Om̄) 
��D
��	�
�
���C

K̄ =

(
K0 O

S̄ T̄0 T̄

)
. (4.54)

8� ������ ��	���	�
��6 ������� 9� ����������� 
� ������� γ(v+ Δt
γ F (v))− γv

��� 
�� ����� ΔtF (v)� 8 �� ������ 
� �	 <@�!!=� � � ���
� �
 ��� �	 � � ����⎧⎨⎩ w = (I + γK0)−1e0 u0 + (I + γK0)−1γK0

(
w + Δt

γ F (w)
)
,

ȳ = R̄ R̄0u0 + R̄ P̄0

(
w + Δt

γ F (w)
)

+ P̄
(
ȳ + Δt

γ F (ȳ)
)
,
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9�� �
���
�� R̄, P̄ ����	 �6 <@�@'= 
	�

R̄0 = S̄0 − P̄0e0 , P̄0 = γT̄0(I + γK0)−1 . (4.55)

4	�����	� � � �C�������	� <@�%'= �	�� <@�%%= �����

R̄0 =

(
A0

1
βB0

)
J0(I + γK0)−1e0 , P̄0 =

(
A0

1
βB0

)
J0(I + γK0)−1γK0 . (4.56)
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�	�;��� ��� �� 9�� � ��� �� � � ��	�
� ��������� ��� ��� 9� 	��� � 
�

R̄

(
A0

1
βB0

)
=

(
R(A0 − γB0)

1
β (BRA0 + (I −A)RB0)

)
==

(
R(A0 − γB0)

1
βγ (PJ(A0 − γB0) + γJB0)

)
.

8 � 
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� �
 ���� R̄R̄0 ≥ 0� R̄P̄0 ≥ 0 
	�
P̄ ≥ 0� � ������� ��
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P ≥ 0 , R ≥ 0 ,

R (A0 − γB0)J0(I + γK0)−1e0 ≥ 0 ,

R (A0 − γB0)J0(I + γK0)−1γK0 ≥ 0 ,(
PJ(A0 − γB0) + γJB0

)
J0(I + γK0)−1e0 ≥ 0 ,(

PJ(A0 − γB0) + γJB0

)
J0(I + γK0)−1γK0 ≥ 0 .

(4.57)
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4.6 Application for explicit two-step methods
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Figure 4.1: Explicit two-step methods of order one, with parameters a1 ∈ [0, 2)
horizontally and b1 ∈ [− 1

4
, 9

4
], b1 �= 1, vertically. The contour plot shows the optimal

γ > 0 for monotonicity (left picture) and for boundedness (right picture). The contour
levels are at j/20, j = 0, 1, . . .; for the ‘white’ areas, there is no positive γ.
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4.6.1 Starting procedure: the explicit Euler method

��	����� �C���
�� �9�;���� ��� ���� 
	� ������� u1 �� 
������� �6 � � ���9
��
/���� ��� ���

u1 = u0 + ΔtF (u0) . (4.58)

8 �� �� �� � � ���� <@�$"= 9�� m0 = 2� w = (w1, w2)T = (u0, u1) ∈ V2 
	� 9�
���

K0 =

(
0 0

1 0

)
, J0 =

(
1 0

0 1

)
. (4.59)

0�� � � ��	�
� ��������� ��� ��� 9� � �	 ���
�	 ���� <@�%#=�

R0 =

(
c2+(1 − γ)c1

(1 − γ)c2

)
, P0 =

(
γc1+γb2 γb1

γc2 γb2

)
, (4.60)

9�� cj = aj − γbj ��� j = 1, 2� 0�� � � �	�;��� ��� ��� � �� /���� ��
���	�
���
����� ��
�� �� <@�%"= 9�� 

R̄0 =
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a2+(1 − γ)a1

(1 − γ)a2

b̂2+(1 − γ)b̂1
(1 − γ)b̂2

⎞⎟⎟⎟⎟⎠ , P̄0 =

⎛⎜⎜⎜⎜⎝
γa1 0

γa2 0

γb̂1 0

γb̂2 0

⎞⎟⎟⎟⎟⎠ . (4.61)
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K0 O

S̄T̄0 T̄

)

9 ��� S̄ ∈ R
m̄×4� T̄0 ∈ R

4×2 
	� T̄ ∈ R
m̄×m̄ 
�� ����	 �6

S̄ =

(
(I −A)−1J 0

1
βB(I −A)−1J J

)
, T̄0 =

⎛⎜⎜⎜⎜⎝
a1 0

a2 0

b̂1 0

b̂2 0

⎞⎟⎟⎟⎟⎠ , T̄ =

(
O β(I −A)−1

O B(I −A)−1

)
.
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Figure 4.2: Optimal γ > 0 for monotonicity of the explicit two-step methods with
explicit Euler starting method. Left picture: linear multistep methods; right picture:
one-leg methods. Explanations as in Figure 4.1

� 
� � �� 

		�� �� �E�
� �� 
	6 ��9 �� K0� 8 ������� � � 
��D
��	� �
���C K̄
�� � � ���
� �
 ���  
� 	� �E�
� ��9��

4	 0����� @�! � � �
C��
� �
���� �� γ 
�� � �9	 ��� 9 �
 9�  
�� ��	�;
��	�
��6 9�� � � ���9
�� /���� ��
���	� ���
����� ��� � � �C���
�� ��	�
� �9�;����
��� ��� <���� ��
����= 
	� � � �C���
�� �	�;��� ��� ��� <��� � ��
����=� 0���
� �� ����� 9� 
�	
���� � 
� � � ��	���	�
��6 ���������� 9�� ���9
�� /����
��
���	� ���
����� 
�� ������ ��� � ��� �C���
�� �	�;��� ��� ��� � 
	 ��� � �

�������	��	� ��	�
� ��������� ��� ����

4.6.2 An example on the relevance of irreducibility
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w1 = u0 , w2 = u0 + ΔtF (w1) , (4.62a)

9�� u1 = w2 � 
	�

w1 = u0 , w2 = u0 , w3 = u0 + Δt
2

(F (w1) + F (w2)) , (4.62b)
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Figure 4.3: Largest γ > 0 for the monotonicity conditions (4.25) with the linear
two-step methods and irreducible or reducible Euler start. Left picture: irreducible
form (4.62a); right picture: reducible form (4.62b). Explanations as in Figure 4.1

4.6.3 Starting procedure: the explicit trapezoidal rule

��9 ������� � 
� u1 �� 
������� �6 � � �C���
�� ��
������
� ����� 
��� �	�9	

� � � ������� /���� ��� ���

v1 = u0 + ΔtF (u0) , u1 = u0 + 1
2
ΔtF (u0) + 1

2
ΔtF (v1) . (4.63)

8 �� ��� �	 ��� ��	��
� ���� 9�� m0 = 3� w = (w1, w2, w3)T = (u0, v1, u1)T


	�

K0 =

⎛⎜⎜⎝ 0 0 0

1 0 0
1
2

1
2

0

⎞⎟⎟⎠ , J0 =

(
1 0 0

0 0 1

)
. (4.64)

,��� 9�  
�� ‖wj‖ ≤ ‖u0‖ (1 ≤ j ≤ m0)� 9 �	���� <@�!= �� �
��� 
	� Δt ≤ τ0�

0�� � � ��	�
� ��������� ��� �� � �� ������ 
� �	 � 
���� '�

R0 =

(
c2+c1r0
c2r0

)
, P0 =

(
c1q0+γb2 c1q1 γb1

c2q0 c2q1 γb2

)
, (4.65)

9�� cj = aj − γbj ��� j = 1, 2� 
	� r0 = 1− γ + 1
2γ

2� q0 = 1
2γ(1 − γ)� q1 = 1

2γ�
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0�� � � �	�;��� ��� ��� 9� ���
�	� 9�� � � �
�� r0, q0, q1� � � ������
�

R̄0 =

⎛⎜⎜⎜⎜⎝
a2 + a1r0

a2r0

b̂2 + b̂1r0

b̂2r0

⎞⎟⎟⎟⎟⎠ , P̄0 =

⎛⎜⎜⎜⎜⎝
a1q0 a1q1 0

a2q0 a2q1 0

b̂1q0 b̂1q1 0

b̂2q0 b̂2q1 0

⎞⎟⎟⎟⎟⎠ . (4.66)
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Figure 4.4: Optimal γ > 0 for monotonicity of the explicit two-step methods with
with the explicit trapezoidal rule as starting method. Left picture: linear multistep
methods; right picture: one-leg methods. Explanations as in Figure 4.1
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4.6.4 Explicit two-step methods of order two
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Figure 4.5: Explicit two-step methods of order two, with parameter a1 ∈ [0, 2).
Vertical axis: thresholds for boundedness or monotonicity. Left picture: linear multi-
step methods; right picture: one-leg methods. Dashed line: boundedness; solid lines:
monotonicity with forward Euler start; dash-dotted lines: monotonicity with explicit
trapezoidal rule as starting method (with γ = 0 for the linear two-step methods).
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9�� β1 = b2 + 1
2a1� β2 = 1
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